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Equanions, Mamnipuletien
anel Worel Problenns

Learning Outcomes
On the completion of this module the student must be able to:

Describe algebraic terms commonly used

Solve equations and cubic equations using factorization
Solve exponential equations

Solve exponential equations using logarithms

Translate and solve word problems

Solve simultaneous equations

1.1 Introduction

This module discusses commonly used algebraic terms. It also
demonstrates how to solve various equations using different
methods and the solving of word problems.

1.2 The language of algebra
For revision purposes, go over the basic mathematical concepts and

operations that lead up to factorising complex expressions.

1.2.1 Terms, factors and expressions

Definition: Term

A termis either a single number or a variable, or humbers and
variables multiplied together. Terms are added or subfracted from

one another.

Gateways to Engineering Studies
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5 3
5a + 3be” = (2ax3b) + ==

Analyse the above expression

/r—i\\.
/’rerms ‘rerms

(_)L)

expre55|on

Figure 1.1 An expression with four terms

In Figure 1.2, the 3 is a factor and so is the b5 a factor.

Definition: Factor
A factor is a group of numbers, coefficients or variables that are
divided or multiplied to each other.

A)

coefficient - exponent
3 5
3p°
7
A N~
base for the term
exponent

Figure 1.2

Definition: Expression
An expression is a group of terms (the terms are separated by + or —
signs).

A)

1.2.2 Equations

i | | Definition: Equation
’ An equation says that two things are equal. It wil have an
. | equalssign "="

[O Worked Example 1.1

Make E the subject of the following equation. Do not simplify:
5E + 3F2 — (2 XF) =2

Gateways to Engineering Studies
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Solution:
S5E + 3F2 — (2 xF) =2

SE =2 4+ (2 XF) — 3F2

_ 2+ (2 XF) — 3F?
5

1.3 Exponents

Definition:

The exponent (such as the 2 in x2) says how many times to use the
value in a multiplication. Other words for exponent is index or

power.

The power form can often be used to help solve arithmetical problems quickly.

1.3.1 Laws of exponents
Table 1.1 shows the laws that apply to exponents:

No. Expression Applied law
1 a’ x at af+L
) (aP)L aPl
3 Ya F
4 (Anything)° 1
5 a? + at aP~t
6 a®f 1
af
/ L\/ aP a%

Table 1.1 Laws of exponents

‘ [O \ Worked Example 1.2

The following expressions are simplified using the laws of exponents:

(3 a3 b2 c ) - 31+2 a3+2 b2+2 C1+2 =9 a5 b4— CZ

Gateways to Engineering Studies
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I i1
(a*b'?)z = azbz = a?b°

1 2 6
V36a2b® = 36z az bz = 6ab?

1 6
V27a%b8 = V27 x1 x b6 = 273 b3 = 3 b2

1.4 Factorise the sum or difference of two cubes

Definition: Factorise
p Factorising is the process of finding the factors. It is like "splitting" an

expression into a multiplication of simpler expressions.

1.4.1 Removing the highest common factor method
Whenever we factorise, use this method before using any other factorisation method.

‘[O \ Worked Example 1.3

Factorise the expression 6ax + 18ay — 12bx + 6by

Solution:

6(ax + 3ay — 2bx + by)

1.4.2 Grouping
In the expression ax + ay + bx + by there is no common factor, but there is a
common factor between the first two and the last two terms.

‘ [O \ Worked Example 1.4

Factorise the expression: ax + ay + bx + by

Solution:
alx+y)+b(x+y)

The common factoris (x + y)

(x+y)(a+Db)

1.4.3 Difference between two squares method
If the sum of two digits is multiplied by their difference, then the difference between
two squares is obtained.

For example:

Gateways to Engineering Studies
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(x+y)(x-y)
=x% —xy +xy — y?

= x2 —y?

‘ [O \ Worked Example 1.5

8 — 32a?
Solution:
Take out the common factor first:
8(1 — 4a?)

Then:
8(1+ 2a)(1 - 2a)

1.4.4 Difference or sum of two cubes method

HO \ Worked Example 1.6

Factorise the following expression:

a®— b3
Solution:
Write down two brackets:
{ - 14 = == ]
7 7 N
This sign is the same  This sign is This sign is
as in the question changed always positive

Figure 1.3
In the first bracket, write down the cube root of a3 and b3.
(a=b)( + + )

Then in the second bracket write down the first tferm in the first bracket
squared. Do the same with the second term.

(a— b) (a*+ +b?

Gateways to Engineering Studies
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Then, for the centre term in the second bracket, write down the product of
the two terms in the first bracket.

(a— b) (a®>+ ab + b?)

Check this answer by multiplication. You will arrive at: a3 — b3

1.4.5 Factorising the quadratic trinomial
The first thing to look for is a common factor in the three terms. First take out the
common factor if there is one and then proceed as follows:

‘[O \ Worked Example 1.7

Factorise the expression x?—2x-3
Solution:

Write down two brackets:

( ) ( )
Enter the two factors of the first term:
(x ) (x )
Enter the factors of the last term:
(x 3)(x 1)

Check if this is correct by adding or subtracting the product of the outer two
factors with the inner two factors:

xX 1 add 3 X x  this gives 4x which does not equal the middle term
x X1 subtract 3 X x this gives —2x which does equal the middle term

Now make sure the signs are correct so that when the brackets are
multiplied, they produce the quadratic trinomial which was the question.

(x=3)(x+1)

Gateways to Engineering Studies
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‘@ \ Did you know?

Figure 1.4

Albert Einstein (1879-1955)
Nationality: German, American
Famous For: E=m*c2

Albert Einstein excelled in mathematics early in his childhood. He liked to
study math on his own. He was once quoted as saying, “lI never failed in
mathematics...before | was fifteen | had mastered differential integral
calculus.”

1.5 Solving equations using logarithms
The Table 1.2 below shows the laws that apply to Logarithms:

No. Logarithmic law Logarithmic expression
1 loga + logb log ab
a
2 loga — logb logE
3 nloga loga™
4 log. a |
log. b 08p ¢

Table 1.2 Laws of Logarithms

The Table 1.3 Logarithms that are commonly used:

Gateways to Engineering Studies
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No. Logarithmic expression Value
1 log1o 10 1
2 log,o 100 2
3 logy9 7.2125 log 7.2125
4 logy, b 1
5 log0 0.1 -1

Table 1.3 Commonly used logarithms

@

Did you know?

Figure 1.5

John Napier (1550-1617)
Nationality: Scottish

Famous For: Inventing “logarithms”

John Napier is responsible for manufacturing logarithms. It was also he who
applied the everyday use of the decimal point in mathematics and
arithmetic. Napier’'s bones was an abacus created by John. The device was

used mainly for multiplication problems.

Gateways to Engineering Studies
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‘ [O \ Worked Example 1.8

Find the antilogarithms of the following:

1. In17 =2.83
2. logs; 27
Solution:

1. log,17 = 2.83

17 = @283
2. log;81 =4
81 = 3*

‘ [0 \ Worked Example 1.9

Make Q the subject of the following:

110 = ab®
Solution:
110 = ab®
ab? =110
Q — 1%
b - a
logh? = loglaﬂ
Q logh = 1log100 — loga
log100—loga
Q - logb

Gateways to Engineering Studies
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‘ [O \ Worked Example 1.10

Make y the subject of #n\/1 —y —#n\/1+y =x

Solution:

fl—-y—4¥InJl+y =x

-y
~fn =x

:

1__3’ - [ex]z

~1—y =e*(1+y)

= e + ye2¥
o1 - er - yer +y
=yle** +1]

1_ezx
e?x+1

1.5.1 Using logarithms to solve equations

HO \ Worked Example 1.11

Find the value of a:

log3loga =1log9

log9

loga = ——
g log3
log 32

loga =——
8 log3
2log3

loga =——=—
8 log3

Gateways to Engineering Studies
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loga =2

Write loga = 2 in exponential form 102 =a

a =100

‘[O \ Worked Example 1.12

The equation x2* — 3x*+2 =0 can be solved by substituting
k=x
The equation becomes k% — 3k + 2 = 0 which can be solved:
k*—=3k+2 =0
(k-1k-2) =0

k =1 or k=2

10 =1 or 10k =2

Takelogs log10% =logl or log10* =log2
Loglaw klog10 =logl or klogl0 =log?2

log10 =1 Therefore k = 0 or k=log2

1.6 Solving equations
1.6.1 Solving exponential equations

Exponential equations can be solved by using the laws discussed earlier.

‘ [O \ Worked Example 1.13

Find the value of x:
0.7 =1

Solution:
(0.7)* =(0.7)° .. 10°=1

x =0 Same bases are dropped

Gateways to Engineering Studies
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‘ [O \ Worked Example 1.14
a

Solve fora and b: 4%*tb =2b+% gnd b = >

a+b — 9ob+4
4 2

22a+2b = 2b+4

2a+b =4 .. (2
Substitute (1) into (2) 2(2b)+b =4 .. (2)

5b =4
_ 4
b =3

a =203 .. @
8
a = -
5

1.6.2 Solving simultaneous equations with three unknowns

Three equations can be used to solve three unknowns. One of the unknowns
needs to be eliminated from all three equations. The following worked
example will show how this is done.

‘ [O \ Worked Example 1.15

Solve the three unknowns in the three equations below:

4c—-2b=14—-3a .. (1)
a—-b—c—-3=0 .. (2

5—2a=-3b—-3c .. (3)
Solution:

Rewrite in order:
3a—2b+4c =14 .. (1)

Gateways to Engineering Studies
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a—b—-c =3 .. (2)
—2a+3b+3c =-5 .. (3)

Eliminate a by subtracting (2) from (1):
3a—2b+4c =14 ... (1)

3a—3b—3c=9 .. (2) x3

b+7c=5 .. 4
Eliminate a by subtracting (3) from (2):
—2a+2b+2c=—6 .. (2) x-2

—2a+3b+3c=-5 .. (3)

—b—c=-1 .. (5
Eliminate b by subfracting (5) from (4):
b+7c=5 .. (4

b+c=1 .. () x-1

6c=14
4 2
cC=—= —
6 3
Substitute into (5):
b+s=1 .. (5
1
b=3
Substitute into (2):
1 2
a— 5 - 5 =3 (2)
a=4

1.7 Translate Word problems
Often, a simple problem becomes difficult to solve because the mathematical
terms used are not fully understood. The meaning of some of the terms used in
word problems are given below.

Gateways to Engineering Studies
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1.7.1 Converting the written word infto mathematical language

No. Written word Translation
] The sum of two numbers a+b
2 The difference of two numbers a—>b
3 The product of two numbers a xXb

a
4 The quotient of two numbers 5
5 The sum of the square of two numbers a? + b?
6 The sum of two numbers squared (a + b)?
7 The sum of three consecutive numbers @W+@+1)+(a+2)

1

8 A number added to its reciprocal a+ z

Table 1.4 Translating the written word into mathematical expressions

1.7.2 Solving word problems with two unknowns
The statement that reads:

The sum of the squares of two consecutive numbers is 100.
is written as follows:

Let the first number equal a:
(@)?+ (a+1)? =100
A number decreased by 2 equals 14 times its reciprocal.

Is written as follows:

Let the number equal b:

b— 2 14 x

S| =

‘ [O \ Worked Example 1.16

The difference between two numbers is 7. The sum of their squares is 29. Find
the numbers.

Solution:

Gateways to Engineering Studies
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In(1) x =7+y
IN(2) (7+ y)? +y? =29
y2+7y+10 =0
y+5k+2) =0

y=-5andy = -2
In(1)x+5=7andx+2=7
x=2andx =5
~x=5andy = -2
Or
x=2andy = -5

‘ [O \ Worked Example 1.17

The length of a rectangle is equal to three times the breadth. The area of the
rectangle is 48 m2. Calculate the length and the breadth of the rectangle.

Solution:
£=3b.iiien.. (D)
£Xb=48.........(2)
3b.b =48
b% =16
b=4m
f=3%x4
=12m

As an example of solving word problems, take population Problems where
logarithms o the base e are used:

To solve an exponential or logarithmic word problem, convert the written word
to an equation and solve the equation.

In this example, we will review population problems. We will also discuss why
the base of e is used so often with population problems.

Gateways to Engineering Studies
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‘ [O \ Worked Example 1.18

Suppose that you are observing the behaviour of cell duplication in a lab. In
one experiment, you started with one cell and the cells doubled every
minute.

Write an equation with base 2 to determine the number (population) of cells
after one hour.

Solution:
First record your observations by making a table with two columns:
One column for the time and one column for the number of cells.

The number of cells (size of population) depends on the time. If you were to
graph your findings, the points would be formed by (specific time, number of
cells at the specific time).

For example, at t =0, there is 1 cell, and the corresponding pointis (0, 1).
Att=1, there are 2 cells, and the corresponding pointis (1, 2).
At t =2, there are 4 cells, and the corresponding pointis (2, 4).
At t =3, there are 8 cells, and the corresponding pointis (3, 8).

It appears that the relafionship between the two parts of the point is
exponential. At time 0, the number of cellsis 1 or 20 = 1.

After 1 minute, when t = 1, there are two cells or 2! = 2.

After 2 minutes, when t = 2, there are 4 cells or 22 = 4,

Therefore, one formula to estimate the number of cells (size of population)
after t minutes is the equation:

ftzzf

‘[O \ Worked Example 1.19

Using the equation developed in Worked example 1.18 do the following:
Determine the number of cells after one hour:

Solution:
One hour to minutes = 60 min

Substitute 60 for tin the equation. f (1) = 2t

f60 = 260 = 115 X 1018

Gateways to Engineering Studies
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‘ [O \ Worked Example 1.20

Using the equation developed in Worked example 1.18 do the following:

Determine how long it would take the population (number of cells) to reach
100,000 cells.

Solution:
In this example, you know the number of cells at the beginning of the
experiment (1) and at the end of the experiment (100,000), but you do not
know the time.
Substitute 100,000 for f; in the equation f, = 2¢
100, 000 = 2*
Take the natural logarithm of both sides:
In(100,000) = In(2Y)
Simplify the right side of the equation using the third rule of logarithm:s:
In(100,000) = ¢In(2)

Divide both sides by In(2):

In(100,000) _
In(2) a

t = 16.60964 min

It would take 16.6 minutes, rounded, for the population (number of cells) to
reach 100,000.

&p‘ Activity 1.1

1. a3+ b3
2. 3a®+ 3b3
3. (a+b)3— 43

4. (x+2y)3+ (x+y)3

5. a®— 27b3

Gateways to Engineering Studies
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6. 8x*— 27xy3

7. 27x3— (2x +y)3

8. 8+ (2+y)3

Answers:

1. (@a+ b)(@a*— ab + b?)

2. 3(a + b) (a®> — ab + b?)

3. (@ + b)—4) ((a+b)®>+4(a+b)+ 16)
4, (2x + 3y) Bxy + 3y? + x?)

5. (a—3b) (a®> + 3ab + 9b?)

6. x(2x —3y) (4x*> + 6xy + 9y?)

7. ((x + 2y) — 3y) ((x+2y)2 + 3y (x + 2y) + 9y?)

8. 4+ y)(*-2y+4)

Izp‘ Activity 1.2

Make the quantity shown in brackets the subject of the following formula:

1. b=log,a .. (a)
2. k= me Pt .. (v)

3. 1= —— ... (X)

4. D= w0 ()

T,

5. S= Ut+ %atz )

Answers:
1. 5P
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logk—logM
2 = 28rT0e¥
—Ploge

N
3. X—f

logT;—logT:
4. 0= g1 g12
Uloge

—-UtVU?%+as

a

5 t=

j% Activity 1.3

Solve for a in the following:

1. 2(2a+1) + 2(2a+1) =8

2- 3a2+5a+6 =1

1a
3. (5) = 81
4., 29 =8
3a _ 1
5 5 = :
Answers:
1
I3
2. a= -2 or a= -3
3. a= —4
4, a= 3
5 a=—
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Izp‘ Activity 1.4

Solve for a in the following:

1. 224-624+8=0

2. 10%* +10% — 102 - 102 =0
3. 52 —45%tl _53 =

4, e —(e+1De* T +e3=0

Answers:
1. 1:2
2. 2

3. 2

4. 1:2

@ Activity 1.5

Change the subject of the following formulae to the symbol as shown in
brackets:

1. p=q(+xt) ......(x)
a? b?
2 T e (©)
p+1
3. d= DJp_l e (f) fOF
nly a
4, cx \/; = g e (%)
Answers:
1. x=22
. p
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b+a
cC =——
ab
__ pP(a?-p?)
f T p2_g42

@ Activity 1.6

1. x?/3 =64

2. 47%-16=0

3. 282 4281 = 6!
4, 2 4+4=0

5, 2X2%—6xX22%+4=0
Answers:

1. 512

2. 2

3. 3

4. No solution

5. 0:1

Izp‘ Activity 1.7

1.

30t3 = 9P gnd 2973 =

16?

2. 5a+l —25b gnqd 2% = gb+2

3.

27 =991 1 3P gnd 5@

Answers:

1.

and b = -3

= 25P
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2.

3.

a=-15 and b=-7

10 5
a== and b==
3 3

I}‘ Activity 1.8

Solve for the unknowns in the following equations:

1.

Answers:
1.

2.

3.

Given:
2a+3b =14
3a—2b=-5

Solve for a and b:

Given:
3y+2x=z+1
3x+2z=8-5y
3z—1=x—-2y
Solve for y:

Given:
a+4b+8c=0
2a—5b=-2+6¢
b—4c=-3
Solve for c:

y=1
a=1and b=4

¢ = 0.554

Izﬁ-" Activity 1.9

The hypotenuse of a right —angled friangle is 10 mm longer than the
longest of the two other sides. Calculate the lengths of the sides if the
shortest side is 50 mm long.

Determine the length and breadth of a rectangle if the length of a
rectangle is 3 m more than its breadth and the area of a rectangle is 54
m2,

The sum of two numbers is 10. The difference of their squares is 50.
Calculate TWO numbers.
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4. § of the difference between two numbers is 10. 4 times their sum is 200.
Determine the two numbers.

Answers:

1. 120:130

2. 6:9

3. 25:75

4. 40:10
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‘%\ Activity 1.10

1. Solve for x if:
5(32x+2) =31
2. Given:i=1I(e?+1)
Make g the subject of the formulae

3. Solve for x if:

e* 1 =7(2%
4. Given
10e3t =51

Make t the subject of the formula.
5. Make P, the subject of the formula if:

H = 10010gﬂ
P,
6. Solve for x if:
5x+1 — 2x—2
7. Solve for x if:
3.3* =128
8. Make y the subject of the formula if:

_ y
0= 3p[2-10g(3)
- Y
9. t= glog(l +Z)
Make y the subject of the formula.
10. Solve for x if:
25x=2 — §3x+1
11. Given:
T = 15 + 350e*t
Make k the subject of the formula.

12. Solve for x if;
1 x—2

- — 6x+2
)

Answers:

1. x=-0.169
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Y

3. x=9.596

__In(0.51)

4. t
3

7. x=2.036

)

8. y=2(102%

9. y=2z(102-1)

10. x = —2.1985

12. x = —-0.481
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[@] Self-Check

| am able to: Yes | No

Describe algebraic terms commonly used

Solve equations and cubic equations using factorization

Solve exponential equations

Solve exponential equations using logarithms

Translate and solve word problems

e Solve simultaneous equations

If you have answered ‘no’ to any of the outcomes listed above, then speak to
your facilitator for guidance and further development.
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Module 2

Determinanrs

Learning Outcomes
On the completion of this module the student must be able to:

e Solve simultaneous equations with two or three unknowns
e Calculate determinants and apply Cramer’s rule

e Calculate the minor of a third order determinant

e Define the co-factor of the minor

2.1 Introduction

Inlinear algebra, the determinantis a useful value that can be
computed from the elements of a square matrix. The determinant of
a matrix A is denoted det(A), det A, or |A].

2.1.1 Determinant notation

a b

DeTA=|C .

The matrix above shows how a determinant is written. This is a determinant of
order two... Commonly called a second order determinant.

[t has two rows, two columns and four elements.

T—b«—ii
|

c — d|—==—oyj2

t

It Je

Figure 2.1

The four elements are a,b,c and d. An example of how they are written is
shown below.
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‘ \ Note:
A The sub-script of each element shows the row first and then the

column.

Element a -row 1 - column 1 -is written a;; orit can be written a;;

Element b -row 1 - column 2 - is written a;,
Element c -row 2 - column 1 -is written a,,
Element c -row 2 - column 2 - is written  a,,

In the case of a second order matrix, the specific formula for the determinant is
simply the upper left element times the lower right element, minus the product
of the other two elements.

Principal
diagonal

a, b

= (a)(d) - (c)(b)
&1 g

Secondary
diagonal

Figure 2.2

‘ [O \ Worked Example 2.1

Solution:

D= (=3)(5) - (=D(=2)
D= -15-2

D= -17

2.1.2 Determinant of order 3
Similarly, suppose we have a 3 x 3 matrix A, also called a determinant of order
3 and we want the specific formula for its determinant | A|:
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Use the Diagonal expansion method to determine the value as shown in the
Worked Example 2.2.

‘ [O \ Worked Example 2.2

Evaluate the determinant of order 3:

| 2 3
A= 4 5 6
7 -8 Q
Figure 2.3
Solution:

Use the diagonal expansion method to determine the value:

Expand the matrix by repeating
rows one and two as shown

-(7x5x3)  (-8%6x1) (9x4x2)

o< ///2
P \

+ (1x5x9) + (2x6x7) +(3%4x8)

Figure 2.4

A=(1X%x5%x9)+2x6Xx7)+(3%x4%x8)—(7x5%x3)—(-8x6x%x1)—
(9%x4x2)

A = (45) + (84) + (96) — (105) — (—48) — (72)

A =96
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2.2 Minors and co-factors

2.2.1 The minor of an element

When working with a determinant of order 3. The minor of an element can be
found by deleting the row and column of the element in the 3x3 matrix and
then find the determinant of the remaining second order determinant.

‘ [O \ Worked Example 2.3

In the determinant of order 3 below, find the minor of element 1:

find the minor
of this element

| 2 3
A= 4 5 6
7 -8 9
Figure 2.5
Solution:

Delete the row and column in which the element is found:

v, 2 3J
A= 4 5 6 i 6
7 -8 % -8 %

Figure 2.6
Find the value of the 2x2 determinant:

A=(5%x9)—-(—8x%x6)

A=(5%x9)—(-8x6)

A=93
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2.2.2 The co-factor of an element
The co-factor is a signed minor. It is written as a formula:

A, = (_1)(i+j) X M,

Where:

A is the co-factor

M is the minor

i is the row number

j is the column number

‘ [O \ Worked Example 2.4

In the determinant of order 3 below, find the minor of element 1 and the co-

factor:
find the minor
of this element

9 3
A= |4 5 6
7 -8 9
Figure 2.7
Solution:
1V /2 3!
A= |4 5 6 5 6
7 8 9 8 9
Figure 2.8

The minor M =93

i is the row number 1
j is the column number 1

A, = (_1)(i+j) x M,
A = (DO x M,
Ay =1 x 93

A, = 93
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‘ [O \ Worked Example 2.5

In the determinant of order 3 below, find the minor of element 5 and the co-
factor:

1 [2] 3
7
A= \W 5076 I3
7 ]
7 -8/ 9 7 9

Figure 2.9
The minor Mg = (1x9) — (7 X 3)

Ms =(9)—(21) = —12

i is the row number 2
j is the column number 2
A, = (D) x M,

As = (1)@ x (-12)

As = 1 % (—12)

As = —12

2.3 Calculating third order determinants using the co-factor
expansion method

Below is a 3x3 matrix of negative and positive coefficients:

y 2 -3
A= |-4 5 -6
7 8 9

Figure 2.10
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The sign that forms part of the co-factor is found by looking at the row (i) and
the column (j). It can also be found by formula:

(=)D

In the 3x3 matrix below, notice how the index of each coefficient affects the
sign used with the co-factor.

1+1

1) -2) (-3) (1) (-2 (3
A= |-4)" (-5 (-6)°7 (-4) (5 ()
7)7" (87" (9’ (7). (8 (9

1+3

Figure 2.11

The third order determinant is calculated by expanding along the first row. That
is-1,-2and -3.

y 2 -3
A= |-4 -5 6
7 8 9

Figure 2.12

Doing this means finding the co-factors of the elements in the first row:

A= D"xan [0 Y+ (D2 xa,|

8 o —4 _6| + (D™ x a_, |

—4 —5|
7 9

7 8

Note:

When the first element in the first row is chosen, delete the row and
column in which the element is found and calculate the second
order determinant.

A= (1) (=D [(-45) = (=48)] + (=1 (=2) [(=36) — (—42)]
+ (D (=3)[(=32) = (=35)]

A=-1(3) +2(6) — 3(3)
A=0

To sum up. The first part of the calculation on row one is show as:
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T+1 1+2 1+3

1) (-2) (-3)
,"/ g \‘
» ~
(-”HIX i |_é5 _gl
>
Sign from Element Second order
grid row 1 determinant to
column 1 calculate the minor -1

Figure 2.13

2.4 Using Cramer’s rule to solve simultaneous equations

‘@ \ Did you know?

Figure 2.14

Gabriel Cramer (1704 - 1752)

Nationality: Swiss

Famous For: Cramer's rule

In 1750 he published Cramer's rule, giving a general formula for the solution
for any unknown in a linear equation system having a unique solution, in
terms of determinants implied by the system.

2.4.1 Using Cramer’s rule to calculate determinants of the second order
As with the other methods of calculating determinants, first manipulate each
equation to get it into the standard form:

3y—7x=16 and 5x—10 = 6y
Becomes:
—-7x+3y=16 and 5x—6y =10
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‘ [O \ Worked Example 2.6

Use Cramer’s rule to solve for x and y:
—-7x+3y=16 and 5x—6y =10

Solution:

o= |7 3| =nee -G =2

Find the determinant of x: (D,)

Create the second order determinant with the coefficients of x excluded and
replace with the coefficients on the right side of the equation:

16

D =110

3| = ae-e - a3 = -126
Find the determinant of y: (D,)

Create the second order determinant with the coefficients of y excluded and
replace with the coefficients on the right side of the equation:

_ =7 16| _ ,_ _ _
p, = |7 1l = D0 - (5)(16) = ~150
Apply the rule:
x =2 = 22 = 467
Do 27
_ Dy _ 150 _
Y =5, 7 = 5.56

2.4.2 Using Cramer’s rule to calculate determinants of the Third order
To solve for three unknowns, three equations are needed. first manipulate
each equation to get it into the standard form:

‘ [O \ Worked Example 2.7

Rewrite in standard form:
2x+3y—72=1
3x+5y+2Z=8
—x+2y+3Z2=1
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Write down the matrix:

2 3 -1
3 5 2
-1 2 3

Find the determinant of the top row:
_ o105 2], 3 1,13 5
pi=zf; ] olevls

=2(11) — 3(11) — 1(11)

|ID| = —-22

Find the determinant of y: (D, ):
2 1 -1

D=3 8 2
-1 1 3

18 2 3 2 3 8
Dy =2 ] 3|(_1)|—1 3|+(_1)|—1 1
|D,| =2(22) — 1(11) — 1(11)

=22

Apply the rule:

_b_22 _
Y=D T 2T

@J Activity 2.1

1. Given:
2 1 =5
1 -1 1
4 2 =3

Determine the following:

a. The determinant of co-efficients.
b. The minor of -5.

c. The co-factor of -1.

2. Given:
2 2 1
1 -1 0
3 -3 2

Calculate the following:

a. The determinant of the co-efficients.
b. The co-factor of -1.

c. The minor of -3.

3. Given:
1 2 3
4 -1 =2
-3 —4 -5
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a. Calculate the value of the determinant.
b. Whatis the minor of -5¢
c. Whatis the cofactor of -272
4, Given:
2x —2y—Z72=3
4x + 5y —2Z = -3
3x+4y—3Z=-7
a. Solve for the value of Z by using Cramer’s rule.
b. Determine the value of the cofactor of —3.

Answers:

1. -21;6; 14
2. -8 1;-1
3. 10;-9;-2

4. -27:-81;Z=3;-6

@J Activity 2.2

1. Given:
3y—x=2
2y =x

Solve for x by using Cramer’s Rule.

2. Given:
2a+3b =14
3a—2b=-5

Solve for a and b using Cramer’s Rule.

3. Solve for x by using determinants if:

x+y=10
xX—y=2
4. Given:

a+4b+8c=0

2a—5b=-2+6¢C

b—4c=-3

Solve for ¢ by the use of Cramer’s Rule.
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2.

3.

4.

5.

5. Given:

a—3b+c=4
2a—c=-2
4a—-3b =0

Solve the value of 'a’ using Cramer’s Rule.

Answers:
1.

-1;-4;, x =4
a=1:b=4
-2;-12; x=6
74; 41; 0.554

a=-2

[@] Self-Check

| am able to:

Yes

No

Solve simultaneous equations with two or three unknowns

Calculate determinants and apply Cramer’s rule

Calculate the minor of a third order determinant

Define the co-factor of the minor

If you have answered ‘no’ to any of the outcomes listed above, then speak to
your facilitator for guidance and further development.
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Module 3

Complex Numlbers

Learning Outcomes
On the completion of this module the student must be able to:

e Solve quadratic equations using complex roots

e Convert complex numbers from rectangular to polar form

e Add, subtract, multiply and divide complex numbers by converting to the
correct form

Determining the conjugate and applying it in calculations

Describe an argand diagram with the argument and modulus

Apply De Moivre's theorem to products, quotients and powers

Solve complex equations

3.1 Introduction

A complex number is a number that can be expressed in the form
a + bi, where a and b are real numbers and i is the imaginary unit,
that satisfies the equation i? = —1. In this expression, a is the real part
and b is the imaginary part of the complex number.

3.2 Solving quadratic equations with complex roots
3.2.1 Complex numbers
Complex numbers have two parts to them:

Real
pumbers
.
Z=g+]jb
Complex Imaginary
number number

Figure 3.1

There is the real part, a and the imaginary part b. Although b is a real number, it
is referred to as the imaginary part because it is always linked to the imaginary.
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j. the imaginary number has a value that cannot be written down accurately
unless it is denoted as v—1.

The imaginary number writtenasaiorj =+v—1

Using complex numbers in engineering helps get accurate answers to
problems that contain the value v—x.

An example is shown in the worked example below.

‘ [O \ Worked Example 3.1
Find the answer to:
6 + V-16
2
Solution:
6 + V-16
2
_ 6+V-1x16
- 2
_ 6%j x V16
- 2
__ 61 jx4
- 2
=3 +2j
Note:
It is vital that we can work with square roots. For example:
V=16 = V16 x V=1

The complex number: Z= 3 +2j means Z= 3+2j or Z= 3-2j
3.2.2 The imaginary number

j=v-1

2

Therefore j? = (V-1) = -1
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Ié‘ Note:

(V) = (0)F =

and 3 = (V=1)' = j2xj=(-1) () = -1
and j*

and j°

=ji?2xj2=(-1D (-1 =1

= (?xj=(CD( =)

Table 3.1 shows the pattern of the first four simplified imaginary numbers and

how these are repeated:

Imaginary

Value
number

Table 3.1 imaginary numbers
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‘ [O \ Worked Example 3.2

Solution:

L= ()%= (AP xj= (D2 () =]

) 36 + V—-40
) 6

36+ V40 . v-1
6

36 + V40 j
6

=6 +1.054]

3.3 The Argand diagram
3.3.1 The Argand plane
Take a normal Cartesian plane with X and Y co-ordinates:

Y
b (a;b)
3
2
1
1 2 3 a “

Figure 3.2 Cartesian plane
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‘@ \ Did you know?

Figure 3.3

René Descartes (1596-1650)
Nationality: French
Famous For: Cartesian coordinate system

The “Cartesian coordinate system” in mathematics is named after Rene
Descartes. As a mathematician, he is seen as the father of analytical
geometry in addition to explaining “infinitesimal calculus and analysis.”

Points along the X axis are:
Point “1" is denoted (1;0) and point "a" is (a ; 0)

Points along the Y axis are:
Point “1" is denoted (0;1) and point "b" is (0; b)

For the Argand plane, the X axis denoted real numbers but the Y axis changes
to represent imaginary numbers. Figure 3.4 shows the Argand plane with a
vector representing a complex number.

)
A
ab
3 (a:b)
/
2j X =
X2
g 1
] — X
1 2 3 5
Y

Figure 3.4 Argand plane with vector 5+3]
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Note:
A The value of jon the Y axis is 1 and the value of 2jis 2 and so on.
[O Worked Example 3.3
With the help of a graph, write down the geometrical effect of the following:
1. 1
2. 32
Solution:
Multiply the number by j, then simplify. Then write in the form (a;b) then make
a sketfch.
1. 1xj=j=(0;1)
Y
1j
‘ X
0 ]
Figure 3.5
2. j.(3j—2)=3j2-2j=3.(-1)—2j = (=3;-2)
4
A
N
S
- X et = X
2
e
'
-Y
Figure 3.6
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Note:

As seen by Worked example 3.3.2, any complex humber on the
Argand plane turns through 90 degrees (anti-clockwise) if it is
mulfiplied by |.

3.3.2 The modulus argument or polar form
A complex number can easily be converted to polar form. Look at Figure 3.7:

¥
A

(X;y)=x+jy=(r;e)

Y

" \)S
/@06\
( '

et e\ — X
!

Figure 3.7 polar form of a complex number

From the basic trigonometrical ratios and looking at the graph:
x =rcosf

y =rsinf

X=tan9
X

From Pythagoras:

r=JZ i1y

I [O ] Worked Example 3.4

Find the polar co-ordinate of Z =1 +:
Solution:

First create a sketch.

Gateways to Engineering Studies
50



Mathematics | N4

——

Figure 3.8

1

R I

1
Auxliary angle a = tan™" == tan‘1I = 45°
But 6 = a = 45°

and r = Jx2 +y2 =2

The polar for iswritten Z =rcis0 or Z =r L0

written Z =2 cis 45° or Z =2 L45°

‘ [O \ Worked Example 3.5

Write Z=-2+3j in cis-form.

Solution:

Note that Z=(-2;3). Create a sketch.

——

o
- X ——— \ — X
=2 N\
\\/O<

AN
VY «
-Y

Figure 3.9
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1

= 56.309°

N W

Auxliary angle a = tan~
Looking at the sketch 6 = 180° — a = 123.69°

and r =/(=2)2 + (3)2 = V13 = 3.61

Z = 3.61 cis 123.69°

3.4 De Moivre’s theorem

‘@ \ Did you know?

Figure 3.10

Abraham de Moivre (26 May 1667)
Nationality: French
Famous For: De Moivre's formula

A mathematician known forde Moivre's formula, one of those that
link complex numbers and trigonometry, and for his work on the normal
distribution and probability theory. He was a friend of Isaac Newton, Edmond
Halley, and James Stirling.

De Moivre used the polar form of complex numbers to find the product,
quotient and power of complex numbers.

3.4.1 Multiplication of complex numbers
Let Z; =r LB, and Z, =1,L0,

Zl X Zz = T1T2 |_91 + 92
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3.4.2 Division of complex numbers

Z T
_1=_1|_01_62
2 N

3.4.3 Powers of complex numbers

(Z)" = ()™ Lnb,

‘ [O \ Worked Example 3.6

If Zy = 2130° and Z, = 3L40°, find Z; x Z, and 2*
2

Solution:
Zy X Z, = 2 X 3L30° 4 40°

Zy X Zy =6L70°

And 2 =2 30° - 40°
Z 3

2

Z 2
LA-_2L-100
Z, 3 —

‘ [O \ Worked Example 3.7

. 1
Write RERE

in rectangular form

Solution:

Take the content of the bracket (1 —j) and let that =7

1 1
Then m = ;
a-p==2z73
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Y
A
o | 1
- X - f\ O\l( -—X
;]'\'
!
-Y

Figure 3.11
From the sketch v = V2 and 6 = —45

Write inpolar form Z7% = (V2L — 45")_3

Using De Moivre'sthird formula (Z;)™ = (r;)" Ln6,

(\/7)_3|_—3><45°

0.3535L135°

Inrectangular form = —% + %j

3.5 The conjugate of a complex number

Definition:
’ The conjugate of the complex number x +jy is x —jy
The conjugate of Z is indicated as Z

3.6 Complex equations

I [O ] Worked Example 3.8

Solve for x if: 2x?—6x+5=0

Solution:
x = —(=6)%y(=6)2-4(2)(5)
4

_ 6xjV4

x =
4

_6+j2 _ 6-j2

X === and x, —

x =1,5+j05 x, =1,5-j0,5
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$ Activity 3.1
Q‘ 4

Simplify:

6. ZELR
Answers:

1. -1

2.

3.1

4. J

5. 1+0.825j

6. —2.440.894)

Izp‘ Activity 3.2

epresent the following complex numbers on the Argand diagram:

R

1.1 Z,=2+/5
12 Zy=-3—j
13 Zo=-j

2. Investigate the geometrical effect of the product of j with:
21 -
22  9+5j
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Answers:
Question 1:
Y
A (2:5)
X
/ = .
-3;-1
/ (-3:-1) Y l
- ¥
— X y
(1) (2) (3)
Figure 3.12
Question 2:
¥
i
X {-5;‘;’}I
-11 N\ (9:5)
\ I
l -
Y -—X
(1) (2)
Figure 3.13
‘i%\ Activity 3.3
Find the polar form of the following:
1. (1)—-3+4j
2. 3)—2-2j
3. 4—j2
4. j
5. —1—j
6. —j5
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Find the rectangular form of the following:
7. 3cis32°

8. 4|36°
9. 3|90°

10. |=145°

1. 3,5|3x/2

Answers:

1. (1)5|126,870°
2. (3)V8|=135°
3. (5)V20|-26,565°
4. (7)]90°

5. (9)v2|=135°
6. (11)5|=90°

7. 2,54+ 1,59

8. 3,24 +j2,35

9. (5)j3

10. —0,82 — j0,57

11. (9) -3.5]

$ Activity 3.4
Q‘ Y
Simplify:

1. (2[30°)(3]60°)
2. (v2]40°)(V8|60%)

Simplify but give the answer in rectangular form:
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@-j2)@=j7)
4+j6
3—j4

@+)B3-j2)

Find the value of:
5. (2]909°
6. (8]42)°

Answers:

1. 6]|90°

2. 4|100°

3. —4,15-j1,77
4. 0,43 —j — .45
5. 16

6. 64|84°

Ii%] Activity 3.5

What is the conjugate of:
1. 3-2j
2. c+jd

5+ 6j, determine:

Answer to activity 3.5

1. 3-2j
2. ¢c—jd
3. 5—-6j
4, 5—6j

Gateways to Engineering Studies

58



Mathematics | N4

Izp‘ Activity 3.6

1. Given:Z =-3+42
1.1 Convert Z into polar form. Show ALL the steps. 8 may only be
positive.
1.2  Represent Z and ALL calculated values on the Argand diagram.

2. Given:
Z=-2+j5
2.1 FindZ

2.2 Convert Z into polar form. Show ALL steps. 8 may only be positive.
2.3 Represent Z and ALL calculated values in 2.2 on the Argand
diagram.

3. Solve for x and y if:

ity BHID@=IT)

(1-j3)
4. Given:
Z=-3+j2
41 FindZ

4.2  Convert Z into polar form. 8 must be positive. Show ALL steps
4.3 Represent all the calculated values in 4.2 on the Argand diagram.

3
5. Given: Z; = 20|63° and Z, = 4|36°, determine (?) . Show ALL steps. Leave

2

the answer in rectangular form.

6. Solve forx and y if:

. —x—yj
(3—4j)% = 7

7. Solve for x if:
x+y+yj+2j=8+7

8. Given:
Z;=1-j1,732
Z, = —6,928 — j4
8.1 Convert Z; and Z, into polar form. The arguments may only be
positive.

8.2 Calculate % and leave the answer in a + jb form.

2
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9. Given:
7, = (4]60°)°

7, = (3|=30)°
z = (2]=150°)’
Find: %

3

Answers:

1. «Z=+13|146,296°

| 6 =146.296

Figure 3.14

2. Z=-2+4j5

r=(=2)2 + (-5)?

Z =~/29|248,199°

Figure 3.15

74 112
3. x=—andy=—
10 10

4. 7=-3-j2

Z = 3,606|213,69°
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A
6 =213.69

: 7=3.606

Figure 3.16

5. =19,554 + j123,461

7. Zy =2|300°
Z, = 8|210°
=0+0,25
8 wx=1

9. =31,177 —j18

[@] Self-Check

| am able to: Yes | No

e Solve quadratic equations using complex roots

e Convert complex humbers from rectangular to polar form

e Add, subfract, multiply and divide complex numbers by
converting to the correct form

e Determining the conjugate and applying it in calculations

e Describe an argand diagram with the argument and modulus

e Apply De Moivre's theorem to products, quotients and powers

e Solve complex equations

If you have answered ‘no’ to any of the outcomes listed above, then speak to
your facilitator for guidance and further development.

Gateways to Engineering Studies

61




Mathematics | N4

Module 4

Irigonomeiry

Learning Outcomes
On the completion of this module the student must be able to:

Describe the concept of positive and negative angles

Apply the identities of tigonometric ratios to solve equations
Derive the identities for tfrigonometric ratios

Derive the co-ratios from frigonometric identities and apply them

4.1 Introduction

Trigonometry comes from the Greek words for “triangle” and
“measure” and it is a branch of mathematics that studies
relationships involving lengths and angles of triangles.

4.2 Basic trigonometrical identities

Definition:

An identity differs from an equation. When we solve an equation,
’ the unknown is valid for only certain values. With identities, the
unknown is valid for all values.

For example the equation: sin?6 =1 6 can only be 90°.
But the identity: sin?80 +cos?8 =1 iswvalid for all values of 6

90°
‘ Point
P (e
’
y
o e o
] 80 ~m — -
X T—
I
270

Figure 4.1 Trigonometric ratio
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4.2.1 Trigonometric functions
Referring to the above Cartesian plane with the point P rotating anticlockwise,
the basic functions are:

. y r
sin@ == and cosec—
T

X r
cosf@ =— and sec—
r X

y x
tanf@ == and cosec—
x y

4.2.2 Basic identities
We can use these functions to develop these useful identities:

sin @ cos @

cos @ and  cotf = sin @

tanf =

And the theorem of Pythagoras is important.

‘@ \ Did you know?

Figure 4.2

Pythagoras of Samos (570 — 495 BC)
Nationality: Greek
Famous For: Pythagoras's theorem

Pythagoras is often described as the first pure mathematician. He is an
extremely important figure in the development of mathematics yet we know
relatively little about his mathematical achievements.

From the Cartesian plane x* + y? = r?
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2 2
Divide by r? G) + (%) =1
cos? +sin*6=1 .. (1)
From (1) it follows:
sin?0 =1— cos?0 . sin@=+vV1— cos?6
cos?0 =1— sin?6 . cosf® =++V1-— sin2@
Divide (1) by cos?6:
1+ tan?6 =sec?d .. (2)
Divide (1) by sin? 6:
cot?0 + 1 = cosec?8 .. (3)
From (1) and (2) it follows:
secl = + 1+ tan?0
tanf = ++/ sec?6 -1
cosecd = t+/cot?6 +1

cot® = ++/cosec?06—1

4.2.3 Identities with compound angles
sinA + B =sinAcosB +cosAsinB ... (4)
sinA—B =sinAcosB —cosAsinB ... (5)

cosA+ B =cosAcosB —sinAsinB ... (6)

cosA—B =cosAcosB +sindsinB ... (7)
tanA+tanB

tanA + B = TonAtnE . (8

tanA — B = 4B w (9

1+tanAtanB

4.2 .4 Identities with double angles
When the two angles are the same ie. A = B, then from (4),(6) and (8) we get:
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sin2A = 2sinAcos A .. (10)

cos 2A = cos? A —sin?A .. (11)
2tanA

tan 24 = pr— (12)

From (11):
sin? A = %( 1—cos?24) .. (13)
Replacing sin? A with 1 — cos? 24 in (11) we find:
cos2A = cos>?A— 1 —cos?24
cos 24 = cos* A — (1 — cos? 24)

cos?A = %( 1 + cos 24) . (14)

[O Worked Example 4.1

Simplify sec — sec@ sin?#@

Solution:

secl — sec sin?f = sech (1 — sin?0)
= sec (cos?0)
_ _1 2
= 5o (cos*0)

= cos @

[O Worked Example 4.2

Prove that:

sin? x cotx sec x + cos? x tan x cosec x = sinx + cosx

Solution:

Take the LHS = sin? x cot x sec x + cos? x tan x cosec x
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= sin?x x =% x + cosZy x Smx 1
sinx CosXx COS X sinx
=sinx + cosx = RHS
LO Worked Example 4.3
Show that:
1+ sin@ _ cos 0
cos®  1—sin6
Solution:
LHS = 1+sin @
cos@
__ 1+sing 1-sin6 ’ , . ,
= —5 X s It's like multiplying by 1
_ 1-sinZ%6
" cos@ (1-sin6)
_ cos? 6
~ cos@ (1-sin8)
cosfO
- (1-sin ) = RHS

4.2.5 Identities with half angles
The following half angle identities are shown below:

sinf@ = sin (g + g)

sinf = ZSingcosg .. (15)
cosf = coszg— sinzg .. (16)
2 8
cosf = 2 cos > a7
cosg =+ cosb+1 .. (18)

2 \/ 2
cosf =1—2 sin? g (19)
.0 1—-cos @
Sm; =+ 5 .. (20)
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4.3 Trigonometric equations
4.3.1 Sum and difference identities

‘ LO \ Worked Example 4.4

Write sin A + sin B as a product of frigonometric functions.
Solution:
Let A=x+y and B=x-—y

Then A+B=2x .. (%)

and A—B =2y .. ($%)
Then it follows:

sindA +sinB = sin(x + y) + sin(x — y)
= (sinxcosy + cosxcosy) + (sinxcosy — cosxsiny)

= 2 sinxcosy

Then from ($) and ($9$):

_A+B p _A-B
x=— and y =—
But:
sinA+sinB = 2sinxcosy
sinA +sinB = ZSinA%B cosA%B - (21
It can also be shown:
A+B A—-B
sinA —sinB = 2cos > sin 5 (22)
A+B A—-B
cosA +cosB = 2cos > cos 5 (23)
_A+B A-B
cosA —cosB = 2sin > sin > (24)
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‘ [O \ Worked Example 4.5

Write cos A cos B as a sum of frigonometric functions.
Solution:
Add the following two identities:
cosA+ B =cosAcosB —sinAsinB ... (6)
cosA—B =cosAcosB +sindsinB ... (7)

cos(A+ B)+cos(A—B) = 2cosAcosB . (6)+(7)

2cosAcosB = cos(A+ B) + cos(A— B)

cosAcosB = %[cos(A + B) + cos(A—B)] .. (25
Similarly:

cosAsinB = %[sin(A + B) —sin(A — B)] .. (26)

sinAsinB = — %[cos(A + B) —cos(A—B)] ... (27)

sinAcosB = — %[sin(A + B) —sin(A—B)] .. (28)

‘ [O \ Worked Example 4.6

Write the following sum as a product:
sin 76 + sin 36
Solution:

sin 760 + sin 30 = 2sin 560 cos 20 [according to (21)]

4.3.2 Positive angles
When working out equations, the unknown will be an angle or angles. Inverse
trigonometric functions will be used.
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Figure 4.3 Greek stamp in honour of Hipparchus

‘@ \ Did you know?

Hipparchus of Nicaea (190 - 120 8C)
Nationality: Greek
Famous For: founder of trigonometry

He was an astronomer, geographer, and mathematician. He is considered
the founder of frigonometry but is most famous for his incidental discovery
of precession of the equinoxes.

Your answer will be limited to values of a closed interval, for example between
0° and 360¢e.
Written in thisway 0°< A < 360°

This will change a relation like sinA = %where the answer may be:
A =30° or A=150° or A= -210° and so on to infinity

It will rather be a function that may have one or two answers.

All ratios are
positive

The sin ratio and
cosec ratio is
positive

Second First
quadrant | quadrant

180 "=
Third Fourth
quadrant | quadrant
The tan ratio
and cot ratio is
positive

The cos ratio
and sec ratio is
positive

270°

Figure 4.4 The four quadrants going anticlockwise
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The angle 8, must be an acute angle. Looking at Figure 4.5 It is clear that this is
not a problem in the first quadrant as the angle subtends from the right hand
horizontal which is 0° and rotates anticlockwise. So in the first quadrant, 6 is
between 0° and 90°.

o o

Q0 90

A A

6 ) \\
180 -0 180 - 0"

! !

270° 270°
First quadrant Second quadrant

Figure 4.5 The first and second quadrants

Notice that in Figure 4.5, the reference angle 8 must be an acute angle. This
means that the solution to the ratio is (180° — 6).

In the third quadrant shown in Figure 4.6, the reference angle 6 remains an
acute angle. This means that the solution to the ratio is (180° + ).

90° 90’
i |

4w

= ()

|

/ 360-6

\ ;
Y Y

7 i

Third quadrant Fourth quadrant
Figure 4.6 The third and fourth quadrants

180"~
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And in the fourth quadrant shown in Figure 4.6, the reference angle 6 remains
an acute angle. This means that the solution to the ratio is (360° — 6).

4.3.3 Solving equations

I [O ] Worked Example 4.7

Solve for 6:

1. cosf@ = —0.6 for 6 €][0°360°]

2. 2sin30 —sinf=0; —90°<60 <90°

Solution:

1. cosf = —0.6

Find the acute angle: cosf = —0.6

6= cosT!1—0.6 = 53.13°

This acute angle is not the solution because the minus sign (-0.6) shows that
the solution lies in the 2nd and 39 quadrants. So the next step is always to
check which quadrants the solution lies in by looking at the sign. See Figure
4.7.

T 180-6 180+6

9 \ 0.6
] 80 "~ [ —(0° 180 ~= —h

— -
-0.6 \ 6

Y Y
270° 270°

Figure 4.7 The cos 6 is negative in the second and third quadrants

The solution = 180 — 6 or 180446
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=180 —53.13° or 180+ 53.13°

= 126.87° or 233.13°

2. 2sin®8—sinf =0

sinf (2sin?6 —1) = 0

sinf =0 or 2sin?f—1=0

sing =0 or sinf = %

sinf =0 or sin@ = 0.707

sing =0 or sin@ = 0.707
6 =0° or 0 = 45°

‘ [O \ Worked Example 4.8

If sinx =% and cosy =% and both x and y are acute angles, calculate
WITHOUT the use of a calculator, the value of sin(x + y).

Solution:

Figure 4.8
sin(x + y) = sinx cosy + siny cos x

48 | 75
T o221 221
123
T o221
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[O Worked Example 4.9

Derive a formula for cos 2B in terms of sin B.

Solution:
cos 2B = cos(B + B)

= cos?B — sin’B
= (1 —sin?B) — sin?B

cos2B =1 — 2sin?B

‘ [O \ Worked Example 4.10

Calculate WITHOUT the use of a calculator, the value of cosec 75°.

Solution:
1

sin 75°

cosec75° =

sin 75° = sin 45° cos 30° + sin 30° cos 45°

; o _ 1 V3,1 1

Sln75_ﬁ'z+z'ﬁ
. o _ V3+1
sin 75° = =i
o _ 242
cosec75° = NETe)

Gateways to Engineering Studies
73



Mathematics | N4

[O Worked Example 4.11

Prove that cos 24 = % if sind = -.

Solution:
cos 24 =1-— 2sin%4
3 2
-5()
5
.18
B 25
24 = 4
cos oE

$ Activity 4.1
Y y

Prove the following identities:

1
1. cosec B.cotB + cosec?B =
1—-cosB

2. (sinB +cosB)? =1+ 2sinBcosB

sin 2x
3. = —cotx
cos2x—1
2siny+1
4, 7 —gecy

sin2+cosy

5 Sin2A—Cos2A+1
' Sin2A+Cos2A+1

tan A
6. cos®xsec’x — cos*x = sin’x

7. tanA + cotA = sec A cosec A

8. tan’x —sec’x = —1
sin @ 1+cosf@
- = 2 cosec 0
1+cosfO sin 6
Answers:

With these answers, the LHS must equal the RHS
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Izp‘ Activity 4.2

1. Solve for x if:
4sin*x —5cosx = 2;0° < x < 360°

2. Solve for B if:
3sin’?B — 2sinB =1 and 0° < B < 360°

3. Solve for @ if:
sec’0 +tanf —3=0; 0°< 0 < 360°

4. Solve for P if:
4sin’P —1 =0and 0° < P < 360°

5. Solve for A if:
2c0s?A — Cos A; 0° < A < 360°

6. Solve for 6 if:
12cot?0 + 5cotf — 2; 0° < 6 < 360°

7. Solve for @ if:
6c0s20 —4 = 0; 6 € [0°180°]

8. Solve for P if:
3x
sin36 — cs30 = 0°; B¢ [—7; 0]

Answers:
1. x; =108,602°
x, = 251,397°
2. B; =71,565
B, = 108,435
B; = 288,435
B, = 108,435
3. 0 =116,565° 0 = 45°
6 = 296,565° 0 = 225°
4, P, =30° P; = 210°
P, = 150° P, = 330°

5. A =120° and 240°

6. 6, = 75964° 0, = 123,69°
0, = 255,964° 6, = 303,69°
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7. 6 =35,26° 0 = 144,74°
_3n
8. 6=-
‘%\ Activity 4.3
1. If sind = % and sinB = \/iz and both A and B are acute angles, calculate,

WITHOUT using a calculator, the value of cos (4 — B).
2. Simplify:
2 cotx
1+ cot’x

Derive a formula for sin 24.

Derive a formula for cos% if cos2A = 2 cos?A —1

Calculate the value of sin 120° without the use of a calculator.

Determine the value of cos 105° without the use of a calculator.

N o o0 M~ ®

Simplify:
cosecy + coty

8. IfsinP = % and cos Q = % and both P and Q are acute angles, determine

without the use of a calculator, the value of cos (P + Q).

9. If sinA=0,6 and sinB =04, and both A and B are acute angles,
determine the value of Cos (4 + B) without the use of a calculator.

10. Simplify:

1+ cos?x
cot x cos ecx

11. Determine cos?45° — sin?45° WITHOUT the use of a calculator.
12. If cosx = % and x is an acute angle, determine the following WITHOUT using
a calculator.

12.1 sin2x
12.2 cos2x
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Answers:
1 V3+1
Co2V2
2. sin2x
3. 2sinAcosA
A 1 COSsA

4 cos- = E+ >
5, B

4

1—/3
6. ENA

1+cosy
/ siny

-33
8. -

-421-6
9. "
10. secx
11. 0
12.

121 2

25
122 -
25

“l v‘] Self-Check
| am able to: Yes | No

e Describe the concept of positive and negative angles

e Apply the identities of frigonometric ratios to solve equations

e Derive the identities for frigonometric ratios

e Derive the co-ratios from trigonometric identities and apply them

If you have answered ‘no’ to any of the outcomes listed above, then speak to

your facilitator for guidance and further development.
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Skereh Graplhs

Learning Outcomes
On the completion of this module the student must be able to:

e Identify domain and range, dependent and independent variables,
functions and relations, points of symmetry, continuous and discontinuous
functions, inverse functions and relations

e Describe and draw graphs without tables of values or point for point
plotting

5.1 Introduction

In  mathematics, the graph of afunctionfis the collection of
all ordered pairs (x, f(x)). If the function input x is a scalar, the graph
is a two-dimensional graph, and for a continuous function is a curve.

5.1.1 System of axes and ordered pairs
The reason why the three numbered pairs in Figure 5.1 are termed ordered
pairs is because the x value is written first and then the y value.

Y
A
(3:2)
— X et X
.{I;— 1)
(-1;-3) y Y
-Y

Figure 5.1 A system of axes with three orders pairs
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5.1.2 Domain and range
The x co-ordinates in ordered pairs are the domain and the y co-ordinates are
the range. In Figure 5.1, the domainis (3; 1; -1) and the range is (2; -1; -3).

5.1.3 dependent and independent variables
The following equation has an independent variable x and a dependent

variable y.

y=3X

Values for x are chosen and when inserted into the equation, y is worked out
and changes depending on the value of x. So y is dependent on x.

5.1.4 Functions
A function is symbolically written as: f:x - y and it reads as:

Function f fromx toy .
f(x) represents y so the ordered pair (x;y) = (x; f(x))

frx)

A

(3:1)
S
e

!

Figure 5.2 A system of axes with one orders pair

Take the equation: fx) = gx 1

Looking aft Figure 5.2, choose a value of 3 for x:

2
fA=53-1
The dependent variable f(3) =1

5.1.5 Continuous and discontinuous functions

With a discontinuous function, the curve is always in two parts although in the
case shown in Figure 5.3, we know the curve is actually continuous and meets
in infinity.
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Figure 5.3  Discontinuous function Continuous function
A continuous function has a curve that is always in one part.

5.1.6 Functions and relations

’ Definition: Relation
A relation is simply a set of ordered pairs.

If we impose the following rule on a relation, it becomes a function.

Definition: Function
’ A function is a set of ordered pairs in which each x-element has only

ONE y-element associated with it.

5.1.6.1 Inverse functions
A function has an inverse function if a line parallel to the X axes cuts the curve
at one point only. See Figure 5.4 (a).

frx) fix)

A A

N
T T

Y Y
(a) (b)

Figure 5.4 Curves representing functions
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A function has not got an inverse function if a line parallel to the X axes cufts
the curve at more than one point. See Figure 5.4 (b).

5.1.7 Symmetry

A curve can be symmetrical about a line or an axis. Figure 5.5 (a) shows
symmetry about a line and Figure 5.5 (b) shows a curve symmetrical about an
axes.

fix)

|

(b)

Figure 5.5 Curves with symmetry

5.2 The straight line graph
5.2.1 The function of a straight line curve
5.2.1.1 Gradient form

fx)=mx+c
Where:

m is the gradient
c is the y intercept

Example: flx) = gx -1

5.2.1.2 General form
ax+by+c =0

Convert the following equation that is in the general form to the gradient form:

2x+5y =5
5y = -2x+5
y =—§x+1
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5.2.1.3 Intercept form
The line intercepts the x axes at a and the y axes at b:

X -y
“+-=1
a b

Convert the following equation that is in the intercept form to the general form
and then the gradient form:

N X

+2=1
Multiply both sides with the LCM:
x—2y=2
Generalform x—-2y—2=0
—2y=—x+2
Gradient form y = %x -1

5.2.1.4 If the gradient and one ordered pair are known
Use the formula:

y—y=m(x—x)

A line passes through a point (-3;3) and the gradient is -1/2. Find the function in
gradient form:

y—y=m(x—x)

y—3=—%(x—(—3))

1 3
y—3——5x—5

y=—%x—%+3
1 3
y=—5x+;3

5.2.1.5 The two-point form

Use the formula:
Y—=YV1_Y2—N
X —Xxq B Xy — Xq

When the line goes through two co-ordinates. The two co-ordinates are
substituted into this formula.
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Find the equation for a straight line that passes through the points:
(-1;-2) and (1;2):

lV_J’1=3’2_)’1
x—x1 xZ_xl

y—(=2) 2-(=2)

x—(-1) 1-(-1
yiz _ 4
x+1 2

4+2y=4+4x
4x — 2y =0
2

y=,x=-x

5.2.2 Parallel lines and perpendicular lines

Figure 5.6 Parallel lines

‘ [O \ Worked Example 5.1

Find the equation of a line (line 1) that goes through a point (0;1) and is
parallel toy = x + 2 (line 2).

Solution:
Gradient of (line 1) =1 (same as line 2)

mx—x)=y—-y
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1x—0=y-1
y=x+1
With perpendicular lines, it is obvious that mi and m2 are different.

Use the formula:

m1 X mz —_ _1
fx)
K5
m2 ?\(5\ ml
1 »—X
)
Q.
©
e,
Lt
Q

Figure 5.7 Perpendicular lines

‘ [O \ Worked Example 5.2

Find the equation of a line (line 1) that passes through a point (2;2) and is
perpendicular to (line 2) y = 2x + 1.

Solution:

Find the gradient on (line 1):

m; X m, = —1
><2 1

my 1=
1

my; = >
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1
y=-—5x- 3
The angle of incline:
m = tanf = Y2~ N
X2 =X
fr)
A (x2;y?)
(x1;y1) i
—cenallf} —_X
Figure 5.8 The angle of incline
5.2.3 Distance between two points
fix)
i L

K @
j‘// A
Y

Figure 5.9 Distance between two points

Pythagoras:

Length between Kand L = /(x, — x;)%2 + (y, — y1)?

5.3 The circle
The syllabus calls for circles with their centre at the point of origin. (0;0). The
radius of the circle can be found in three ways:
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5.3.1 The square method
When the radius is a perfect square.

‘ [O \ Worked Example 5.3

Draw the circle with the equation:

Solution:
The radius is 3 ... the square root of 9.

Figure 5.10 x2+y%2= 9

5.3.2 The co-ordinate method

‘ [O \ Worked Example 5.4

Draw the circle with the equation:

xZ+y%= 17
Solution:
Try to write the square root of 17 another way:

V17 =V16 + V1

From+v16andv1l = 4and1

The circle will run through the point = (4;1)
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f(x)

Figure 5.11 x2+y? = 17

5.3.3 The geometry method

‘ [O \ Worked Example 5.5

Draw the circle with the equation:
x2+y>=8

There are 3 steps to find this graph:
1. Find two parts of 8. ie: 2 x4 =8
2. On the x-axes, plot the two values hamely 2 and 4. Then find the mid-

point between the 2 and 4 on the x-axes. See Figure 5.12.

Draw a construction circle with the centre on the x-axes and the mid-
point line.

fix) fix)

A A

el

Figure 5.12 Step 2

3. Point A, where the construction circle crosses the y-axes, marks the point
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where the circle graph intercepts the y-axes. The radius is as shown in
Figure 5.13.

f(x) f(x)
A A
A\\ A_
\ Radius £ \\
[

|
"
-3 — AT kJ/"X
\“NV// < //

Figure 5.13 Step 3

5.3.4 Half circles
A negative function means that the half circle is drawn under the x-axes and a
positive function will mean that the half circle will be on the positive half of the

y-Oxes.

fix) fix)

Figure 5.14 Half circle curves

5.4 The ellipse

Worked Example 5.6

b

Sketch the ellipse:
x2+ 4y? =16

Solution:
x2+ 4y? =16

Write in the standard form:
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x* 4y? .
16 16
xZ yZ
1— + Z =1
x2 y2
2tz =1
fx)
A
2
4 pi X
-2
Y
Figure 5.15 Ellipse

5.5 Hyperbolas

The equation xy =k

‘ LO \ Worked Example 5.7

Sketch the hyperbola:
xy =10

Solution:

Create a table for the positive half with minimum 4 columns:

Table 5.1

Do the same for the negative half:
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Table 5.2

Plot the graph:

Figure 5.16 Hyperbola

5.6 The parabola
General equation:
y=ax?>+bx+c

Figure 5.17 Parabola

Four points need to be calculated before the curve can be drawn. They are
shown in Figure 5.17.
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‘ [O \ Worked Example 5.8

Sketch the graph:
y=x*4+2x—-3
Solution:
1. Find the x- intercepts
0=x?>+2x-3

0=((x+3) (x—1)

x+3)=0 or (x—1)=0

x=-3 or x=1

2. find the axis of symmetry

3. Turning point
Substitute D into the equation:

y=(12+2(-1)-3 = —4
4. The y-intercept
Substitute x = 0 info the equation:

y= (0)24+2(0)—-3 = -3
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X
Figure 5.18 Parabola
5.7 The curve of the logarithmic function
5.7.1 The exponential function
The general equation y = a*
‘ [O \ Worked Example 5.9
Sketch the curve:
y= 27
Solution:
Create a table with minimum 5 columns:
y= 27
X -2 -1 0 1 2
y 0.25 0.5 1 2 4
Table 5.3
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Figure 5.19 Exponential curve

5.7.2 The logarithmic function

The general equation y = log, x

‘ [O \ Worked Example 5.10

Sketch the curve:

y = log, x
Solution:
First write in exponential form:

y = log, x Becomes 2Y =x

Create a table with minimum 5 columns:
y= 2"

y 2 1 0 ] 2
0.25 0.5 ] 2 4

Table 5.4
Plot the y-values and then the corresponding x-values:
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Figure 5.20 Logarithmic curve

5.8 The curve trigonometric functions

The basic equation y = sinx between 0°and 360°

‘ [O \ Worked Example 5.11

Sketch the curve:

y = sinx between 0°and 360°
Solution:
Create a table with enough columns to obtain a smooth curve:
X 0 30 90 180 270 360
y =sinx 0 0.5 1 0 -1 0
Table 5.5
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-1

!

Figure 5.21 Trigonometric curve

5.9 Amplitude, frequency and phase shift

Changing the amplitude of a wave increases or decreases its height. The
frequency is the number of waves in a setf time. The phase shift moves the
entire curve along the x-axis.

y = 2sinx  the 2 before the sinx influences the amplitude
y = sin2x  the 2 in this position influences the freqency

y = sin(x+ 10°)  the 10° in this position changes the phase

‘ [O \ Worked Example 5.12

Sketch the curves:

y = 2sinx; sin2x and sin(x + 10°) between 0° and 360°

Solution:
y = 2sinx
X 0 30 90 180 270 360
y = 2sinx 0 1 2 0 -2 0
Table 5.6
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= sin2x
X 0 30 90 180 270 360
y = sin 2x 0 0.866 0 0 0 0

Table 5.7
= sin(x + 10°)
x 0 30 90 180 270 360

y=sin2x | 0.174 | 0.643 | 0.985 | -0.174 | -0.985 0.174
Table 5.8

fix)

-2

!

Figure 5.22 Trigonometric curves

In Figure 5.22 notice how the phase shift of 10° causes the curve to shift on
the x-axis and the change in amplitude causes an increase in height and the
frequency change increases the number of waves.
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‘ [O \ Worked Example 5.13

Sketch the graph of y = secx;0° < x < 360°.

Solution:

Figure 5.23

Worked Example 5.14

< 360°.

Sketch the graph of y = tanx;0° < x

Solution:

360

Figure 5.24
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‘ [O \ Worked Example 5.15
Sketch the graph of y = cosecx;—m < x < m.
Solution:
/
| ; \/ |
i /\T i
1
Table 5.25

5.10 The curve of cubic functions

The equation y = x3+ x> +x+C

‘ [O \ Worked Example 5.16

Sketch the curve of:
y= x3—6x
Solution:
Find the turning point:
Use differentiation:
f(x) = x3—6x

f'(x)= 3x%2-6
When f'(x) = 0 then solve for x in the normal way:
3x2—-6=0
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)

6
2 - _
T3
x =42 = +2 and -2
The y-value at the turning point:
fx)= x3—6x
Substitute x = +2 f(2)= 23-12 = —4
Substitutex = =2  f(-2)= (-2)3+12 = +4
. (X5 Y\ (X5 Y
Turning points = (_2 ; 4> (2; —4
The roots:
f(x) = x3—6x
x3—6x=0
x(x2-6)=0
x=0 and (x*—-6)=0
x=0 x = 4245 x= —-2.45
fix
4
-3 3
-4
Figure 5.26

—— X
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Izb] Activity 5.1

1. Find the slope and Y-intercept:
2y —2)=3(x—-1)

2. Find the equation of the line:
with gradient -2 and which intercepfts the y-axis at 1;

3. Find the equation of the line:
through the point (1;2) and parallel to y 4+ 2 = 3x;

4. Find the equation of the line:
through the point (-3;2) and perpendicularto y —2x — 4 = 0;

5. Find the equation of the straight line that runs through the point (-1;1) and
that is perpendicular to the line that connects the points (4;0) and (0;1).

Answers:
3 1
1. m==;c==
2 2
2. y=—-2x+1
3. y=3x-1
4. 2y+x—-1=0

5. y=4x+3

Izb] Activity 5.2

1. Sketch the graph of g—y—z =1

49

. Whatis the domain of the graph of g - Z—; =1

. Sketch the graph of y = x2 + 5

. Sketch the graph of x? + y2 = 12,25

2

3

4. Is the graph of y = x2 + 5 symmetric about the y-axis?
5

6. Sketch the graph of y = —x2 + 2x + 3

7

. Is the graph of y = —x? + 2x + 3 discontinuous or not discontinuous?
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8. What is the range of the graph of y = —x? + 2x + 32
9. Sketch the graph of xy = -3
10.Sketch the graph of y = 6 + 4x — 2x2

11.1s the graph of y = 6 + 4x — 2x2 continuous or discontinuous?

12.Sketch the graph of y = #nx
13.Sketch the graph of y = —x% + 5x — 4
14.Is the graph of y=-x?2+5x—4 in QUESTION 13 continuous or

discontinuous2

15.Sketch the graph of xy = —1.

16.Sketch the graph of %+y7 = 1.

17.1s the graph of x—: + y; = 1 symmetrical or asymmetrical about the x-axise

\ / XY,
35 49
Figure 5.27

2. Domain: {x: —6 < x < 6;x € R}

Answers:

Definition: {x: —6 < x < 6;x € R}

TLE ]

Figure 5.28
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4. Yes, it is symmetric about the y-axis.

5.

Figure 5.29

Figure 5.30
7. Confinuous
8. [4;-8]
9.

Figure 5.31
10.

3.5

-3.5 o

X+ y=12.25
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¥
|
&
-1 3 X
i
Figure 5.32
11.Continuous
12.
b d
i
G b 4
\
Figure 5.33
13.
Y
/‘\ x
/J' 4
7/
Figure 5.34
14.Confinuous
15.

Gateways to Engineering Studies

103



Mathematics | N4

Figure 5.35
16.

-3

/’HE\X
|

Figure 5.36
17.Symmetrical
18.No

[@] Self-Check

| am able to:
e |denfify domain and range, dependent and independent

variables, functions and relations, points of symmetry, continuous
and discontinuous functions, inverse functions and relations

e Describe and draw graphs without tables of values or point for
point plotting

If you have answered ‘no’ to any of the outcomes listed above, then speak to

your facilitator for guidance and further development.

Yes | No

Gateways to Engineering Studies

104



Mathematics | N4

Linniis @nel Difierentials

Learning Outcomes
On the completion of this module the student must be able to:

Describe the binomial theorem in general terms

Expand a binomial to four terms

Calculate simple limits with the theorems on limits

Define differentiation and derive the expression for the rate of change
Differentiate to standard forms

Calculate by applying the chain rule to a function of a function
Determine the first derivatives of polynomials

Apply the product and quotient rules for differentiation

Determine the second derivatives of frigonometric functions

6.1 Intfroduction

The essence of calculus is the derivative. The derivative is the
instantaneous rate of change of a function with respect to one of its
variables. This is equivalent to finding he slope of the tangent line to
the function at a point.

6.2 The binomial theorem
Take a binomial like (x + y) and square it.

(x +y)?
Now expand the binomial:

(x+y)? = x2+2xy+y?
Notice a few things about the answer:

e The coefficient’s have the pattern: 1, 2, 1

e n, the index for the x is 2 for the first term, 1 for the second term and 0 for
the third term

e n, the index for the y is O for the first term, 1 for the second term and 2 for
the third term

e The binomial is squared so the answer has three terms
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1 1

1

1 2 1

1 3 3 1

1 4 6 4 1
1 5 10 10 5 1

Figure 6.1 Pascal’s friangle

6.2.1 Pascal'’s triangle
The binomial coefficients appear as the entries of Pascal's triangle where each
entry is the sum of the two above it.

Note that in the example above, the coefficient’s 1, 2, 1 appear in the second
row of the friangle.

Study the expansions below and relate them to Pascal’s triangle:

(a+b)° =1

(a+b)=a+b

(a +b)? = a? + 2ab + b?

(a +b)3 = a3+ 3a%b + 3ab? + b3

6.2.2 Negative integer or a fractional integer

What occurs if “n” is a negative intfeger or a fractiong Sir Isaac Newton used
long division to expand (a+ b)",n < 0. The expansion, however, yields an
infinite number of terms. For example, find the expansion of (a+ b)™2 by
division:

‘@ \ Did you know?

Figure 6.2

Isaac Newton (1642-1727)
Nationality: English
Famous For:Mathematical Principles of Natural Philosophy
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The book of Sir saac Newton, Mathematical Principles of Natural Philosophy,
became the catalyst to understanding mechanics. He is also the person
credited for the development of the binomial theorem.

I [O ] Worked Example 6.1

Expand (a + 2b)* by means of the Binomial Formula:

Solution:

4.3.a%(2b)? = 4.3.2.a(2b)® = 4.3.2.1.a°(2b)*

4 — 4 3
(a+2b)* =a*+4a’(2b) +— 3l al

+0

= a* + 8a3b + 24a?b? + 32ab® + 16b* (no restrictions)

‘ [O \ Worked Example 6.2

Determine the first three terms in the expansion of (1 —x)™1.

Solution:

(=)= [1+ (0] =1+ (~1)(1)(—x) + DRLEE

2!

=l+x+x2+-if x| <1

‘ [O \ Worked Example 6.3

Expand the binomial:
(a+b)?
Solution:

-2 = 1 - a
(a+b) (a+b)?  a?+2ab+b?

Now divide a? + 2ab + b? into 1:
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1 26,35 45
&g @ " af sar
2a°+2ab+b” I +0 +0Q
2
2
g -2 .. B
a a
_2b _4b”_ 2B’
a a: @
o + 367, 2b°
e
3b”, b’  3b*
a?’ a’ &
o + 4b°, 3b°
a®’ af
—2 _ 1 2b  3b% 4p3
(@+b)™ =G-ata =+
O\
We are expected to expand binomials up to four terms only.

6.3 Limits
Before we go into limits, it's important to understand functional notation and
the concept of the increment.

6.3.1 Functional notation
The term ‘function’ was first used by Leibniz in 1673 to indicate the
dependence of one variable on another.

‘ [O \ Worked Example 6.4

Given that f(x) is a function of x
And the equation:
y=f(x)=x%-2x+1,
Find the values of: f(1), f(—=1) and f(x + h)
Solution:
fAO =M*=-2(D+1=0
f(-1) =(-1)2-2(-1)+1=4
y(x+h) =(x+h)?*-2(x+h)+1=x*+2xh+h?—-2x—2h+1
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‘@ \ Did you know?

Figure 6.3

Gottfried Wilhelm Leibniz (1646-1716)
Nationality: German
Famous For: Infinitesimal calculus

The work of Leibniz on infinitesimal calculus was one completely separate
from Isaac Newton. His mathematical notation continues to be in use. He also
proposed the mathematical principle known as the Transcendental Law of
Homogeneity. His refining of the binary system has become foundational in
mathematics.

6.3.2 Increments
When very small values of variables are used, they are known as increments.
For example, if x changes by a small amount, this small amount is known as Ax.

Ax means an increment in x.
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—

f(x+Ax}
i i
Ly f(x+Ax) e f(x)

. ! '

X (X+AX)

!

Figure 6.4 The increase of x and y

6.3.3 The concept of the limit

As the independent variable x approaches a value, say 3, the dependent
variable f(x) or as it is known, the functional value will automatically approach
a limit.

‘ [O \ Worked Example 6.5

Find the limit of the function f(x) = 2x — 5 when x tends foward 3.

Solution:

To clearly show how this works, construct a table. (This is not done in
practice.)

f(x)=2x-5

X 2.9 | 299 | 2.999 129999 | 3 |3.0001 | 3.001 | 3.01 3.1
f(x) | 0.8 | 0.98 | 0.998 | 0.9998 1 1.0002 | 1.002 | 1.02 | 1.2

Table 6.1

The table shows that when x approaches 3, f(x) approaches 1. So the limit of
the function f(x) = 2x — 5 when x tends towards 3 is 1.

It is written this way:
lim(2x—-5) =1
x—3
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‘ [O \ Worked Example 6.6

Find, without the use of a table:
_ <x2 —3x + 2)
hm _—
x-1 x—1

Solution:
Remember x does not equal 1, it tends toward 1.
So we factorise:

o x2—3x+2
lim ———
-1 x—1

(x—1)(x-2)

= lim
x—1 x—1

= lim,_;(x — 2)

6.4 The derivative

I
Straight line
gradient
f(X+AX) 4
f(X+AX) - f(X)
y=fix) !
-~ X

X (X+AX)

!

Figure 6.5 Finding the gradient of a curve

Figure 6.5 shows an attempt at finding the gradient of a curve between points
A and B on the curve. Note that the distance between A and B is governed by
Ax. This is not accurate.
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If Ax was much smaller, then the distance between A and B would be smaller
and the straight line gradient would be a little more accurate.

But if Ax tends toward 0. So small that people say it is infinitesimally small. Then
the straight line gradient between A and B would be accurate.

At this level of smallness, we can say that the straight line gradient is a tangent
to the curve.

From Figure 6.5:
fx 4+ Ax) — f(x)

tanfg =
an (x+Ax) — x

f&x+Ax) — f(x)

tanf =
an A

x+Ax) — f(x
The gradient of the tangent = lim f( ) — ()
Ax—0 Ax

The derivative of f(x) with respect to x is:

flx+Ax) — f(x)
Ax

f@ = fim,

6.4.1 Differentiation from first principles

I[O ] Worked Example 6.7

Find Z—z or f'(x) of f(x) = x2
Solution:
Step1. Write down the function:
f(x) = x?
Step 2. Find (x + Ax):
flx + Ax) = (x + Ax)?

= x% + 2x.Ax + (Ax)?
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Step 3. Find f(x + Ax) — f(x) and simplify:

flx+Ax) — f(x) = x2+ 2x.Ax + (Ax)? — x?

2x. Ax + (Ax)?

= Ax (2x + Ax)

Step 4. Find f'(x) = limp,_g f(x+A22—f(x)

,  Ax (2x + Ax)
fie) = Alalcrllo Ax

f'(x) = limy,,o (2x + Ax)

= 2x

‘ [O \ Worked Example 6.8

Using first principles, find the gradient of y = 2x? — 4x + 1 at x = —1 (that s, find
the derivative of y = 2x? —4x + 1 at x = —1.

Solution:

1. y(x) =2x*—4x+1

2. y(x+h) =2(x+h)>—4(x+h)+1
=2x%+2xh+2h* —4x —4h + 1

3. ylx+h)—y(h) =2x2+4xh+2h*—4x—4h+1— (2x* —4x+1)
=2x%2+4xh+2h* —4x —4h+1—2x* +4x— 1
= 4xh + h? — 4h

=h(4x +h—4)
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y(x+h)—y ()

.l =i

4. =y (x) }ll_r)ré P
s h(4x+h-4)
= lim ———

h—0 h

=}l1_r)r(1)(4x+h—4)

=4x —4

6.4.2 Standard forms of differentiation
The following notations can be used for differentiation:

Cor £/ or 2 or D
yorfxordxorx

The formula for quickly working out what we just proved from first principles is:
To differentiate x™ do the following n.x""1

I [O ] Worked Example 6.9

To differentiate f(x) = 3x*

Solution:
f(x) = 3x*
fl(x) = 4x3x*1
= 12x3

The derivatives in Table 6.1 below should be memorized:

d
y=f(x) d—y
X
] x" n.x" 1
2 e* e*
3 a* a*lna
1
4 Inx —
x
1
5 log, x
xIna

Table 6.2 Standard derivatives
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6.4.3 Differentiation of frigonometric functions

Proving that Z—i’ sinx = cosx is not required for the exams but it is provided to

enhance your understanding.

Remember, finding the derivation of sinx is simply finding the gradient of the
sin-wave form.

‘ [O \ Worked Example 6.10

d .
Demonstrate that: ——sinx = cosx

Solution:
1. f(x) =sinx
f(x+h) =sin(x + h)
3. f(x+h)—f(x) =sin(x+h) —sinx

2cosz (2x +h)sinh  [see § 6.2 identity (16)]

= 2cos (x +ﬁ) sinﬁ
2 2

- = |im [&tM—F
4. a dxf(x) }113(1) h
h\ . h
2 cos(x+—) sin-
— 1 2 2
iy —
h\ . h
cos(x+—) sin—-
= lim —*2—*%
h-0 h
2
. h . sing
= lim cos (x + —) X lim —;
sinﬁ
— : 2 *
cos x X }ll_r}(l) 7 (*)
=cosx X 1 (**)
=cosx
(*) eernnn. Because the sine function is continuous at 0.
. sin@ . h
(**) oo Because lim % =1andifh—0,then>=6 - 0.
-
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The derivatives in Table 6.2 below should be memorized:

dy
y=fKx) —
dx
1 sinx coSs x
2 cos x —secx
3 tan x sec? x
4 cotx — cosec? x
5 secx secx.tanx
6 cscx —cosecx.cotx

Table 6.3 Standard tfrigonometric derivatives

6.4.4 Sum and difference rules
The derivatives in Table 6.3 below should be memorized. The letter “k” is any

constant.

y = f(x) 2
1 k 0
2 kex™ knx"1
3 o (0 ' (0
4 Fe)+ 9() £ g0

Table 6.4 Sum and difference rules
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6.4.5 Product and quotient rules
The derivatives in Table 6.4 below should be memorized.

_ dy
y=fx) a
1 fx)x gx) ) x gx)+ f(x) x g'(x)
5 f) g X f'(x) — g'(x) X f(x)
gx) [g(x)]?

Table 6.5 Product and quotient rules

‘ [O \ Worked Example 6.11

d . d .
Assume that —-sinx = cosx and ——C0sX = sinx.

Show that;
d 2
—tanx = sec“ x

dx

Solution:

sinx

Lety = tanx Ly =

Cosx

; _ cosxcosx—(sinxsinx)

cos2x
__cos?x +sin?x
cosZx
1

cosZx

=sec?x

Gateways to Engineering Studies

117



Mathematics | N4

‘ [O \ Worked Example 6.12

Assume that :—xsinx = cos x and show thaft:

d

— CO0Secx = —cosec x cotx

dx

Solution:

1
Lety = cosecx ~y = g

; _ sinx xX0—cosx—X1

sin? x
__ —Ccosx
" sinZx
__ —Ccosx 1
- sinx sinx

= —cotx Xcosecx

6.4.6 The chain rule
The chain rule is an extension of the sum and difference rules and the product
and quotient rules. The chain rule states:

d d d
If y=y[u(x)] then Y_Y “

dx du % dx
‘ [O \ Worked Example 6.13

The following functions are differentiated with respect to the appropriate
variable and the chain rule:

= &b _a
1. y =tanx = —==— tan(4x)

2.y =(2x)3> Z—Z = 3(2x)% x %(Zx)

2 dy d 2
3. = tan*” = = = —etnx
y dx dx
dy

= &v_1.49
4, y =¥fn3x = il b (3x)
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Solution:

dy _ d
= o tan(4x)

1. y= tanx =
_ 2 a
= sec” 4x X = (4x)
=sec?4x x 4
= 4sec? 4x

_ 3, _ 22
2. y = (2x) = 3(2x) xdx(Zx)

=12x%2 x 2
= 24x?
_ x? dy _ d tanx?
3. y=tan =>—==—e

2 d
= efaNX" % — tan x?
dx
2 d
= etanX” 5 sec?x? x axz

2
= eNX" % sec?x? X 2x

2..2 jtanx2

=2 X sec“x“e
dy 1 d
. = = == —X —
4 y =4¥n3x oo dx(3x)
1
=—x3
3x
=1
X

[O Worked Example 6.14

Differentiate the following with respect to x:
cos 2x 6 1 4

=" — 4
cosx +sinx +/x 10e? cosx

y

Solution:

= +
y cosx+sinx Vx 10e2 ' cosx

1

. S
Yy =cosx —sinx — 6x 2— e *+ 4secx

dy _ . _1 1 _y

- = —sinx —cosx + 3x 2+Ee + 4secxtanx
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‘ [O \ Worked Example 6.15

Given:
y=x3—6x2+11x—6

Calculate, with the aid of differentfiation, the co-ordinates of the minimum
and the maximum turning points. Distinguish between the minimum and the
maximum points by using the second derivative.

Solution:
D =3x2—12x+11=0
dx
X = 12+.,/144-4(3)(11)

6
x; = 2,577 and 1,423

y1 =(2,577)® —6(2,577)* + 11(2,577) — 6

y; =—0,385
y, =(1,423)3 - 6(6,423)% + 11(1,423) — 6
y, = 0,385
TP = (2,577;-0,385) and (1,423; 0,385)
& —6x-12
=6(2,577) — 12
= 3,462
= + minimum
=6(1,423) — 12
= —3,462
= (maximum)
‘E \ Worked Example 6.16
Given:
x3  x?
y=5"5" 2x +7

Calculate, with the aid of differentiation, the co-ordinates of the maximum
and the minimum turning points.
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Solution:

dy 2
—= =x“—-x—2
dx

x2—-x—-2 =0

x—-2)(x+1) =0

Xl = XZ = _1
23 22
V1 =?—?—2(2)+7
= 4,667
43 1
= 4,8333

@J Activity 6.1

Expand the following powers:
1. (@ +q*

2. (r+s)*

. (2x +3y)3

4. (2a+2)’

w

Answers:

1. p*+4p3q + 6p%q? + 4pq® + q*
2. r*+4r3s — 61252 + 4rs3 + s*
3. 8x3 + 36x2%y + 54xy? + 27y3

b3

2
4. 8a® + 4a?h + 22" 4
3 27

Izp‘ Activity 6.2

Expand the following powers using the Binomial Theorem.
1. (1+x)*
2. (1-3x)3
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w

(1-2)
(-x)

. (2-3a)*
. (1+2x)73

7. (14 2x)2

Answers:
1. 14+ 4x + 6x% + 4x3 + x*

2. 1—9x+27x% —27x3

4x  2x%  4x3  x*
31— —=+=——-———+4+=
3 1 27 81
1 x = 3x2
4, ——=+—=—-2x3 +x*
16 2 2

5. 16 —96a + 216a% — 216a® + 18a*

6. 1—6x+24x2—80x3+---;|x|<%

2 3
7. 1+x -2+ 4 x| <2
2 2 2

Ii%] Activity 6.3

Determine the following limits:
1. lim,,(4x% — 5x)

2
x“=2x+1

2. lim ]
x—1 x—1

3 lim (x+1)(2+x)
’ X720 ox34x
3
. x°=27
4. lim,_3 =
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Answers:
1. 6
2. 0
3. %
9
4. >

[E Activity 6.4

Answers:

1.

2.

. Differentiate y = x3 with respect to x by using he definition.
. Find the derivative of y = xiz with the aid of the definition.

1

2
3.
4. Determine the derivative of y = 6x? — 2x + % by using the definition.

Determine y'(x) if y = x + i using the definition.

Izp‘ Activity 6.5

w

Ly =(x?+3)(2x2 1)

y = x3/2(x? — 3)
_x
T ox2—x
_xib

Y= x—b
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Answers:
1. (1)2x(4x? +5)
2. %ﬁ(mz —9)

3. \/E(l_3x)

2(x2—x)2

—2b
© (x-b)?

Izp‘ Activity 6.6

1. y=sin3x
2. y = tan®2x?

3. y=(1-3x%)*

N

= ()

Answers:

p—

. 3cos3x
2. 12xtan? 2x? sec? 2x?

3. —24x(1—3x2)3

) )

N

@ Activity 6.7

1. Differentiate from the first principles if y = x? — 3x.

2. Differentiate with the aid of Quotient rule if:

sin x

Y = Secx
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5

3. Given:y ==
Differentiate by use of a quotient rule.
4. Differentiate y = 4x? by use of first principles.
5. Differentiate with respect to x:
y = —V3cos x + 2%* — 4fnx _x
6. Given:

y=x3—6x%+9x +12

Solve for the values of x if Z—Z =0

7. Given:
_ sin 3x
Y= 4x3

Differentiate by using the quotient rule.

8. Determine:

o [(x?—x
lim 3
x-2\x3 —x

9. Given:

y=-2x>+3x*+12x—5
Determine, using differentiation, the co-ordinates of the maximum and
minimum furning points.
10.Given:
y = 10*tanx
Differentiate by use of the product rule.
11.Differentiate the following with respect to x:

1—rcosx 3 3
y=— - +—+/x
sin x cosecx x
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Answers:
1. =2x—3

__ Ccos x—sinxsecxtanx

secx

N

. f(x) = 4x?

3. =8x

1

4. 2 _ V3sinx + 2.2%¢n2 i 2y
dx X 3

dy _ (4x3)(3 cos 3x)—(sin 3x)(12x?)
dx (4x3)2

o

2
7. :;
8. =-12
9. (2;15)(—1; —12)

10.= 10¥*#n10.tan x + sec? x. 10*

d 3 _1
11.2 = —cosecx cotx + cosec?x —3cosx — — +-x "2
dx x2 2

I@] Self-Check

| am able to: Yes | No

e Describe the binomial theorem in general terms

e Expand a binomial to four terms

e Calculate simple limits with the theorems on limits

e Define differentiation and derive the expression for the rate of
change

o Differentiate to standard forms

e Calculate by applying the chain rule to a function of a function

e Determine the first derivatives of polynomials

e Apply the product and quotient rules for differentiation

e Determine the second derivatives of frigonometric functions

If you have answered ‘no’ to any of the outcomes listed above, then speak to
your facilitator for guidance and further development.
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Module 7

Inregraroen

Learning Outcomes
By the end of the module you should be able to:

Describe the concept of a definite integral and indefinite integral
Apply standard forms of intfegrals as the converse of differentiation
Integrate polynomials with terms

Calculate definite integrals of functions with terms

Calculate the area under a curve using integration

7.1 Intfroduction

Integration is the inverse process to differentiation. If the derivative
of a function is given, we determine the original function.

For example, when we find the derivative of f(x) = 6x we get:
f'x) =6
When we integrate f'(x) = 6 we get 6x ... the original function.

Another example is if we integrate f'(x) = 4x® we ask, what did the original
function look like to get the derivative f'(x) = 4x3 2

The answeris f(x) = x*. This is the integral.
The process of integration has the symbol f . This is known as the integral sign.

In the expression [ f(x) dx the function f(x) is called the integrand
The sign [ together with dx isregarded as an operator

The operator indicates that the function f(x) must be integrated with respect
to x.
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7.2 Indefinite integrals
Different functions have the same derivatives. Look at the example:

f(x) = x? - f'(x) =2x
f)=x*+8 - f'(x)=2

f@=22-1 - f@)=2
The indefinite integral f f(x) dx isnota unique function

An arbifrary constant “c” is added so that an indefinite integral is always
written:

Jf(x) dx +c

7.3 Standard forms of integrals
Say f and g are functions of x and c is the constant. Then:

1. fc f(x) dx = kff(x)dx
2. Jlf) £ g)]dx = [f)dxt [g(x) dx

3| fadx = ax+c “a" any constant

xn+1

4 | [x"dx = +c n#-1
n+1

6 | [eXdx = e*+c

1

7 | Ja¥dx = —a*+c
8 | fcosx dx = sinx+c¢
9 | [sinx dx = —cosx+¢
10 | [sec?x dx = tanx +c¢
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11 | [cosec?x dx = — cotx +¢
12 | [secxtanx dx = secx+c
13 | [cosecxcotx dx = —cosecx +c¢

Table 7.1 Standard forms of integrals

‘ [O \ Worked Example 7.1

5
Determine f o dx
Solution:

5 1
f—dx=5f—dx Rule 1.
X X

= 5Inx+c¢ Ruleb.

‘ [O \ Worked Example 7.2

dx
secx

Determine f

Solution:

dx 1
f = J dx = fcosx dx
secx secx

= sinx +k Rule8.
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‘ [O \ Worked Example 7.3

Determine f — dx

Solution:

7.4 Polynomials with terms
7.4.1 Remember the chain rule
Because integration is the inverse of differentiation, let's look at the chain rule
again.
If y=sinx?

Then y' =cosx? X 2x

= 2X cos x?
f2xcosx2 dx = sinx?+c¢

This gives rise to another special rule:

14.  [f'(x) cosf(x) dx = sinf(x)+c

‘ [O \ Worked Example 7.4

determine f3x2 cos x3 dx

Solution:

J3x2 cosx® dx = 3x? cosx® dx = sinf(x)+c

= sinx3+c

Gateways to Engineering Studies
130



Mathematics | N4

7.4.2 Other integrals

15. [ f'(x) sec?f(x) dx = tan f(x)+c

‘ [O \ Worked Example 7.5

determine fo sec?® x? dx

Solution:

JZx sec?x? dx = Jf(x) sec? f(x) dx
=tanf(x)+c
=tanx?+c

16. ff’(x) [FO)I"dx = % +c

I [O ] Worked Example 7.6

determine f 6x (32 +7)° dx

Solution:

f6x (32+7)5dx = Jf’(x) [f()]° dx

5+1
VICOAEg
5+1

(3x2+7)°
6

‘ [O \ Worked Example 7.7
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Integrate the following:
f(4-24ex 10% + = 4 3 t)d
X =" N cosecx cotx | dx
Solution:
ex 104x )
i L e Y T Vx —3cosecx + ¢
‘ [O \ Worked Example 7.8
Simplify:
x3—27
d
(=)
Solution:
x + 37 +9x +
3 > x+c

7.5 Definite integrals

Definition:
’ A Definite Integral has start and end values: in other words, there is
an interval (a to b). The values are put at the bottom and top of the

symbol.

An example is when integration is used to find the area under a curve. When
the area has boundaries, say between a and b as in Figure 7.1. then the start
and end values are placed on the symbol as shown below:

j bf (x) dx
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Figure 7.1 Definite integral has boundaries

‘ [O \ Worked Example 7.9

Integrate the following:

2
f2x dx
1

Because the symbol has boundaries flz we know that we are dealing with a
definite integral.

Solution:

In order to work this out:

e Create arough sketch of the curve
e Find the indefinite integral first

Y
|
/
X
Ry
A
~4 8 g
'

Figure 7.2 Straight line curve with boundaries between 1 and 2
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The indefinite integral:

2
ij dx = x*+c
1

Whenx =1 Then flz 2x dx = 1%+¢

Whenx =2 Then flz 2x dx = 2%+¢c

Subtract:
22+¢) — (12+0)

=22-1°4c—c
=4-1 = 3

The “c"” gets cancelled out, so with definite integrals the constant, “c” can be
ignored.

In fact, we can simply solve it this way:

2
fodx=22—12= 3
1

Check the answer by finding the area that's hatched in Figure 7.2.
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‘ [O \ Worked Example 7.10

Find the area under the curve y=x3+2: 1<x<4

Solution:
b
A= f y dx
a
4.3
= [[(x*+2) dx

= [% + Zx]:

- ["74+2.4] . [1:4+2.1]

= 69.75 square units

‘ [O \ Worked Example 7.11

Evaluate:

2
f (5x* + 4x3)dx
1

Solution:
2
j (5x* + 4x3)dx
1
= [x° + x*]?
=[(25+ 2% — (1° + 1Y)]
=48 -2
=46
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‘ [O \ Worked Example 7.12

1. Sketch the graph of y = 5sinx, x =0 and x = % and indicate the enclosed

area. Also, indicate the representative strip used to calculate the
enclosed area.
2. Calculate the value of the indicated area by using integration.

Solution:
1.
Y
i
5 ax
//
f, \ s
S
Il
i/
o 1 m o
g
|
Figure 7.3
2.

2
AoX = j (5x* + 4x3)dx
1

= [-5cos x]g

= [(—5 cos% — (—=5cos 0))]
=0+5

= 5u?
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ﬂ’: Activity 7.1
I_&"] Y

1. [ 3x5dx

2. [V2xdx

(1+y)?
3. f—\/7 dy

4. [3xdx

Answers:

1. Sx6+k
2

Sﬁxg

2. +k

3 5
3. 2y +5yz+2yr+k

4. 2x2+k
2

I}] Activity 7.2

1. [ 5x*cosx®dx

2. [3x?sec?x3 dx

3. [ 2x(x? +5)0dx

4. [ (2x +x)(x? +2x —3)7dx
Answers:

1. sinx® +k

2. taxx3+k

3. Z(2+5)M+k

4, %(x2+2x—3)8+k
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$ Activity 7.3
g Y

Integrate the following:

1. [ (864t—3cos3t+%—112t+?i/f+25ec2t)dt

2. [ (sin 5x + sec?x — 3% + 9e¢ 3% + 4xi) dx

3. [ (—4x® —973%* + 14sin7x — > + sec? 4x — 4 ) dx
X

4
cosec 4x

4. | (Sx5 — 210% 4 4¢3% — — i + a) dx

Answers:

112t

312
2€n11+2\/t +2tant +c

1. = —=2e* —sin3t +t —

cos 5x 3% _ 16 3
2. —— +tanx———3e ¥ +=x2 4
5 n3 5

3 —4x* 9—3x 14 sin”*

— — —3¢nx +tanx —4x + ¢
4 (-3)¢n9 7

3x® 210x 4e3*  4cos4x
4., —— + + —fnx tax+c
6 2¢n10 3 4

@ Activity 7.4

Simplify the following:

1. [+Vcos?x + sin? x dx
2. [ (4cos4x + 3)dx
3. [VxZ—6x+9dx

4. [2ax*dx
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Answers:
1. x+¢c
2. sindx +3x+¢c

3. =-0,384 =0384 x=2 =0

2ax5
4, = .t

I}‘ Activity 7.5

Evaluate the following:

3dt

1. s

2. fol 273%dyx

3. fog(él cos 2x)dx
4, flz 275%dx
Answers:

1. 1.0986 — 0.6931
2. =0421

3. = 2units

4. =0,00901 units

@J Activity 7.6

1.
1.1 Sketch and indicate the area enclosed by the graph of y = 4x with
x =2 and x = 3. Also indicate the representative strip to be used to
calculate the area enclosed.
1.2 Calculate, using integration, the area indicated in Question 1.1.

2.1  Sketch and indicate the area enclose by the graph of y = 4cosx
with x = 00 and x = 90 o. Also indicate the representative strip to be
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used to calculate the area enclosed.
2.2 Calculate, using Integration, the value of the area indicated in

Question 2.1.
3.

3.1 Sketch and indicate the area enclosed by the graph of y = 3sinx
the x-axis; x =0 and % Also, show the representative strip to be
used fo calculate the area enclosed.

3.2 Calculate, using Integration, the magnitude of the area indicated in
QUESTION 3.1.

4,

4.1  Sketch and indicate the area enclosed by the graph of y = 3x — x?
the X-axis. Also, indicate the representative strip to be used to
calculate the value of the enclosed area.

4.2 Calculate, using Integration, the value of the enclosed area in
QUESTION 4.1.

Answers:
1.1
¥
| y=4x
xé/
/;—
: X
0 2 @
]
Figure 7.4

1.2 Aox =[ydx
= [ 4xdx
Aox = f; 4xdx

= [2x2]23 = [2(3)2 _ 2(2)2] =10u
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2.1
e
!
4 —
L o
90
\
Figure 7.5
22 A0X =ydx
= 4 cos xdx
(900
AOX = [ 4 cosxdx
= [4sinx]3°°
= 4u?
3.1
Y
3 ]
dxéé
5
0° 90°  \180° ETT
-3
|
Figure 7.6

32 AOX = [23 sinxdx

=[—3cos x]g

= [0] = [-3]

= 3u?
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4.1
Y
. dx
/ = \
// E \\
// :)/J\
// = \\
P g \
~— /o Ya- =
Y
Figure 7.7
42 AO0X =ydx
= 4 cos xdx
3
A0X = [/(3x —x?)dx
_[3x% 3 3
- [T e
_[3(3% 33
[ 2] o
=4,5u?
[ll v’] Self-Check
| am able to: Yes | No
e Describe the concept of a definite integral and indefinite

integral

e Apply standard forms of integrals as the converse of
differentiation

e Integrate polynomials with terms

e Calculate definite integrals of functions with terms

e Calculate the area under a curve using integration

If you have answered ‘no’ to any of the outcomes listed above, then speak to
your facilitator for guidance and further development.
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Past Examination Papers
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MATHEMATICS N4
(16030164)
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Calculators may be used.

This question paper consists of 5 pages and 1 formula sheet.
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DEPARTMENT OF HIGHER EDUCATION AND TRAINING
REPUBLIC OF SOUTH AFRICA
NATIONAL CERTIFICATE
MATHEMATICS N4
TIME: 3 HOURS
MARKS: 100

INSTRUCTIONS AND INFORMATION

1. Answer ALL the questions.
2. Show ALL the calculations and intermediary steps. Simplify where possible.

3. All the graph work must be done in the ANSWER BOOK. Graph paper is NOT
supplied. Values of intercepts with the system of axes and the turning point(s)
MUST be shown on the graph.

4. ALL final answers must be accurately approximated to THREE decimal places.

5. Questions may be answered in any order but subsections of questions must
NOT be separated.

6. A formula sheet is attached to this question paper. You are NOT compelled to
use the formulae and the list is NOT necessarily complete.

7. Number the answers according to the numbering system used in this question
paper.

8. Write neatly and legibly.
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QUESTION 1:

1.1 The area of a rectangle is 54 cm?. The length of the rectangle is 3 cm (5)
more than its breadth. Determine the length and the breadth of the

rectangle.
1.2 Solve for x if: (4)
1.3 Make q the subject of the formula: 3
P
Zn <—) =w
q
1.4 Given: (8)

2p+3qg=1r—-3
—2q—p=7+3r
—3r+2q=-2p+9

Solve the value of q

[20]
QUESTION 2:
2.1 Simplify and leave answer in a + jb form. 4)
2|50°.3 |40°
4|30°.3 [=10°
2.2 Solve for x and y: (4)
(1-2)=x+yj
2.3 Simplify: 2)
j100
jT
2.4  2.4.1 Sketch the graph of x% + 2y? =2 (3)
2.4.2 Is the graph x? + 2y? = 2 symmetric of asymmetric about the X- (1)
axis?
2.4.3 What is the domain of the graph of x? + 2y? = 2 (2)
25 25.1 Sketch the graph of y = 5¢* (2)
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2.5.2 Is the graph of y = 5e* continuous or discontinuous? (1)
2.5.3 Is the graph of y = 5e* a function? (1)
[20]
QUESTION 3:
3.1 3.1.1 Derive a formula for cos= if cos 2x = 2cos?x — 1 3)

2

3.1.2 Use the derived formula in QUESTION 3.1.1 to calculate the value (3)
of cos 15 without the use of the calculator.

3.2  Solve for x if: 4)

2 2 5 0
sec”x + tan x=§;0 <x<m

3.3 Prove that: (4)
1+ cosx
(cosec x + cotx)? = ———
lcosx
3.4  Simplify as far as possible: (4)

(tanx + secx)(1 — sinx)

3.5 Derive a formula for cos 2B in terms of sin B. (2)
[20]
QUESTION 4:
4.1 Determine the limit of the following: 4)
Pim ([2x*—8
x—>2\ x—-2
4.2 Differentiate by the use of a Product Rule if: (4)

y = 4% cosec x
4.3 Given:y =x3+5x?+6x 3 (8)

Determine, using differentiation, the coordinates of the maximum and
minimum turning points.

4.4  Differentiate the following: 4)
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3
y = — 22X 4 6e3* 4 x3

" sinx
[20]

QUESTION 5:

5.1

5.2

5.3

5.4

Integrate the following: (7)

3
— — )dx
x3 + 3cosecxcotx —373%¥ —3e3%

) (secz7x -3+

5.2.1 Sketch and indicate the area enclosed by the graph of y = 2.3%%, (3)
the X-axis, the Y-axis and x = 3. Also, indicate the representative
strip to be used to calculate the enclosed area.

5.2.2 Calculate, using integration, the value of the enclosed area (4)
indicated in QUESTION 5.2.1.

Determine: 3)
n/4
[ 2sin26d6
Simplify: 3
3
f cotxcosx
[20]
TOTAL: 100
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MATHEMATIC N4

FORMULA SHEET
NEW SYLLABUS

a’ =b < loga” = logh fn x = logex

(r1@)' =r'|n8 a+bj=c+di & a=candb=d

sin(a £ b) = sina cosb * sinb cosa sin’x +:ms’x =]
cos(a 4 b) = cosa cosb T sina sinb I + cot’s = cosec’s
] + tan’x = sec’x
tana * tanb
t + b R
an (ab) 1 Frana tanb
y dy
dx
g o y = u(x)  v(3)
X X
ka ka™ tna = b = u(x)v'(x) + u'(x) v(x)
ktnx k o
x
sin x cos x uﬂ'ﬂ
cos x -5in x "x)
tan x sec’y z . ﬁ _ v (x) = u(x)v'(x)
cot x -cosec’x dx )P
sec x sec X lan x
dy _dy du
cosec x =cosecxootx de  du x I
ax™
I‘““d’f' +C Jsinxdc=-cosx+e¢
n+l
J= d =
;‘i" atnx+c Jcosx de=sinx+e
kax
Ih:xdx=?’-£+a : [tanx dx = fnsecx+ec
, | sec x dx = ¢n (sec x + tan x) +¢
A = L ydx
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QUESTION 1

1.1 £=b+3urenn m)
£h=54 ... 2)

In (2) (pb+3)b=54

b +3b-54=0 A

(b+9Xp-6)=0

by=-9 and b,=6m v

In(1=6+3

=9m v (3)
1.2 3+ (x+2)n6=(x~1)md

1,0986 +1,791x + 3,584 =2,639x - 2,369

-0,848x=-7322
x=8634 V C)]
1.3
EJ{E} =E \II
o Z
P_c
q
g=-5
e 3)
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1.4 I I |
|pj=}-1 -2 -3
2 2 -
-2 - -1 - -1 =2
L A e
|D|=2(12)-3(9)~1(2)
|D|=-5 V
2 -3 -]
|Dg=|-1 7 -3 ~
2 9 -
7 -3 -1 -3 -1
|.1'.:aq\=2|9 _3' +3 |2 _3’ -1 |2 ;‘ v
|Dd| = 2(6)+3(9) - 1(- 23)
|Dg| =62
IP.| _62
=Ll -2 oy
et 2,4 ®
(20]
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QUESTION 2
2.1 6|9_0_1 |
=—I zlg_[}i v
=o.5|ﬁ N

=0,5cos 70° + jsin70°| ¥

= 0,171 +j0, 469 V )
2.2 1-2j=2j+4j =x+y V

l-dj—-d=x+y V

xty==-3-4j

J,-=_4 \‘ ) (4)

23 o

oY @
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24 24.1
A
1
¥ +2y?=2
X
Shape
v Inlemep\t{s V
Label 3)
2.4.2 Symmetric \l (1)
24.3 V2 <xsy2.aE} VN 2)
2.5 2.5.1
¥
F 3
y=5e"
1
il r . l't
Shape
x=1 v
¥ (2)
2.5.2 Continuous (1)
253 Yes (1)
120]
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QUESTION 3
3.1 3.1.1 2cos® x=cos2x+1.

os? =c052x+l J

cos2x+1
casx=1‘
2
cos = icﬁh}jﬂ J
2 2
mi— CDSX-!-I‘J
27V 2 3)

_ By ‘
2
m15ﬂ=ﬂ v
2 3)
32 I4tan” x+tan’ x=% v
2tan® x = 0,667
tan’ x=0334
lanx=0,578
X, =30,0279° “)
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3.3 ( 1 +cosx)=_l+cosx
sinxy - sinx I~ cosx

l+{:n::@..r}2 _1+cosx J
sinx 1=cos x

(1+cosx)’  1+cosx
sin’ x 1 =cosx

(14+cosx)® l+cosx

1 cos’x | cosx

(1+cos x)(1+cosx) I+ cosx
(1-cosx)l+cosx) 1-cosx

l+cosx l+cosx

l-cosx 1-cosx ’ (4
34 i
=[smx +LJ{1—sinx)
COSX COSX

:[1+8i“"J(1-sinx) v

Cos X

1—sin® x
=" =
cos x

_cos’ x
COS ¥

=cosx V 4)
35 cos 2B =cos Bcos B - sin Bsin B

=cos’ B-sin’ B

Cos2 B = 1 —sin” - sin® B

Cocos2B =1 - 2sin’ B y (2)
[20]
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3.3 ( 1 +coxxT_l+cosx
sinx  sinx I = cos x

[1+C(}Sx]2 _ I4cosx Ny
sinx 1=cosx

(1+cosx)’ 1+cosx J
sin’ x l=cosx

(1+cosx)’  1+cosx

1 cos’x | cosx

(1 +cosx)(I +cosx) 1+cosy
(1-cosx)l+cosx) 1-cosx

l+cosx l+cosx

l—cosx 1-cosx ' (4)
34 i
=[smx +L){1~sinx)
COSX  COSX

_—.[1+sme(l—sinx) y

cosx

1—sin? x
=—_ -
COs X

_cos’ x
cos X

=cosx V )
is cos 28 =cos Beos B —sin Bsin B

=cos’ B-sin’ B

Cos2 B = | - sin” - sin” B

Socos2B=1-2sin’ B | (2)
[20]
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QUESTION 4

4.1 ?1 ) 2[(.\-~ﬂ{z+z]] J

=2(x+2)

=2x+4

=8 ()
4.2

1] =f=l‘;ﬂ =4 fng
el

dv
V =cos ec.xd— =—cosecxcote
X

% =4, —cosecxcot x + cos ecv.4" ind
dx

=4" cosecx(— cot x + fnd) ()

43 d—y=3x’ +10x+6
dx

I +10x+6=0

=10+ J0)* —4(3)6)

a 6

x,=—0785 v anden x,=-2,545V
y, =(-0,785)" +5(- 0,785)* + 6(-0,785)-3
y, ==5,113v

¥, =(~2,545)" + 5(- 2,545)" + 6(-2,545) -3
¥, =-2,369 V

(-0785-5,113)  (-2,545-2,369)
V V (8)
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44 ?:—Smsecxcotx—22".2é‘n2+18e3" +3x?
X
{ v Voo “
[20]
QUESTION 5
5.1 | ~Ax ~3r
m"h—fix——z-x‘i-Scotx— = +e
7 3 ~3m3 =3
tan 7x 2, " x
= 3x 31 3°°t"+3g,13+° +c
V y y y y y (7

— x
52 5.2.1 M / y=23
4_—/// -

+ » X
3
Shape V
Strip v
Area
v (3
5.2.2 1
AoX =[23"dx
0
2 0
=7 3—
2603 |
'32{!} 32{0]
“ 23 2em3
= 662,6541° “
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5.3 [—200528]% J
2

0

~[cos 2(1) - cos 2(0)] ¥

- D
= lunit @

54 I3 secxtan xdy v

Isecx+e W o

TOTAL: 100
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TIME: 3 HOURS
MARKS: 100

INSTRUCTIONS AND INFORMATION

1. Answer ALL the questions.
2. Read all the questions carefully.

3. Number the answers according to the numbering system used in this question
paper.

4. Show ALL the calculations and intermediary steps. Simplify where possible.

5. All the graph work must be done in the ANSWER BOOK. Graph paper is NOT
supplied. Values of intercepts with the system of axes and the turning point(s)
MUST be shown on the graph.

6. ALL final answers must be accurately approximated to THREE decimal places.

7. Questions may be answered in any order but subsections of questions must
NOT be separated.

8. A formula sheet is attached to this question paper. You are NOT compelled to
use the formulae and the list is NOT necessarily complete.

9. Write neatly and legibly.
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QUESTION 1:

1.1  Solve for x if: (3)

52x—1 — 73x+4

1.2 Make D the subject of the formula if: 3)
P =Al (D _ R)
= Og R
1.3 Given: (8)

m—n+r+3=0
2n+4—m-=r

m__T
2 3
1.3.1 Solve for m by the use of Cramer’s Rule. (8)
1.3.2 Determine the value of the minor of -3. (2)
1.4 A steel wire of 28 m is bent to form a rectangle with an area of 46 m?. (4)

Calculate the breadth and the length of the rectangle.

[20]
QUESTION 2:
2.1 Solve for a if: (5)
20 +2a+1=0
2.2 Simplify and leave answer in a + jb form (5)
(4-2)G+))
3-2j
2.3 Sketch the graph of the inverse of 3)
y=x—6
2.4  Sketch the graph of y = cosecx; —180° < x < 180° 3)
25 2.5.1 Sketch the graph of y = 13*. 3

2.5.2 Is the graph of y=13* in QUESTION 2.5.1 a function or a (1)
relation?
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[20]
QUESTION 3:
3.1 Calculate the value of tan 75° without the use of a calculator. (4)
3.2 Simplify: (4)
sin?0 .

1+ cosf

3.3 Prove that: (4)
sin 2y

2tany = 1+ tan?y

3.4  Solve for A if: (4)

cos(A + 10°) = sin(34 + 20°); 0° < A < 90°

35 |f sinx =§ and cosy =f—1, with both x and y acute angles, calculate (4)
without the use of a calculator, the value of sin(x — y).

[20]
QUESTION 4:
4.1 Given: (2x2 —3)° 4)
Expand to FOUR terms only by the use of the Binomial Theorem.
4.2 Differentiate the following: (4)
_1, 3 _1+55in2x+7
y=grmemax 5 sin x
4.3 Differentiate by the use of a Quotient Rule if: (4)
_secx
Y= log x
44 Given:y=—-2x3+3x2+12x—7 (8)
Determine, using differentiation, the maximum and the minimum turning
points.
[20]
QUESTION 5:
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5.1  Simplify: 3)
tanx
fsecx
5.2 Determine: 3)
n/3

[ (4cos4x)dx

o]

5.3 5.3.1 Sketch and indicate the area enclosed by the graph of y = —x2 + (3)
2x and the X-axis. Also indicate the representative strip used to
calculate the area enclosed.

5.3.2 Calculate, using Integration, the value of the enclosed area. (4)

5.4 Integrate the following: (7)

1 1
1] (gsecxtanx - ge‘zx +Vx +4x75 —2.4%% + p) dx
[20]

TOTAL: 100
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MATHEMATIC N4

FORMULA SHEET
NEW SYLLABUS

a’ =b < loga” = logh fn x = logex

(r1@)' =r'|n8 a+bj=c+di & a=candb=d

sin(a £ b) = sina cosb * sinb cosa sin’x +:ms’x =]
cos(a 4 b) = cosa cosb T sina sinb I + cot’s = cosec’s
] + tan’x = sec’x
tana * tanb
t + b R
an (ab) 1 Frana tanb
y dy
dx
g o y = u(x)  v(3)
X X
ka ka™ tna = b = u(x)v'(x) + u'(x) v(x)
ktnx k o
x
sin x cos x uﬂ'ﬂ
cos x -5in x "x)
tan x sec’y z . ﬁ _ v (x) = u(x)v'(x)
cot x -cosec’x dx )P
sec x sec X lan x
dy _dy du
cosec x =cosecxootx de  du x I
ax™
I‘““d’f' +C Jsinxdc=-cosx+e¢
n+l
J= d =
;‘i" atnx+c Jcosx de=sinx+e
kax
Ih:xdx=?’-£+a : [tanx dx = fnsecx+ec
, | sec x dx = ¢n (sec x + tan x) +¢
A = L ydx
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QUESTION 1
L1 (2x=1)nS5=(Bx+4)n7
3,219x - 1,609 = 5,838x + 7,784 +
—2.619x = 9,393
x = -3,586 3
1.2 _
E‘ag(D RJ=£ -\I'
R A
Mzmﬁ \[
R
D - R=RI0%
D=RIOS +R 3
13 1.3.1 Lo-1 1 Lo
=12 -1y A=l-1 2 -1
1 0 3 0 -2
- 1 - -1
|1:v|=12 jl| +1L 1I| +1L 7ﬂ'|~.‘
0 5 T 3 3

P 1E)+ 1) +1(-1)

pl=
309 1
|Dij=}-4 2 -1
1 o 2
|n:[=_1|§ - +tl_4 RS j J

| D= -3(3)+ 13)+1(-2)

=2
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L B U
b 3
1.3.2 2~
b
0 -3
2 W
3
14  2042b=28....... (1)
£b = 4.errerrrer @)) ¥
In(l) f(=14-b
In(2) (14-b)p=46
14b-b* =46
b? ~14b+46=0
b=+14iJﬁ
2
b, = 5268V
¢, =8732 +
QUESTION 2
21 ﬂm—2i1}(2)’—4(2)[1] ‘
B 4
_—2%+-4 J
T4
ﬂ=_2i',2 '\J
a =3+ v “1—‘12'_% v

(8)

)

)
[20]

(5)
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22

23

2.4

20+4j-10j-2j" 342
3-2j 3+2j
2-6j  3+2j
3-2j 3+2j
66— jI8+ jd4—12;° J
9-4;j?
8+ j26
13
6+ j2 (5)
y
1/
6
-+ » X
-6 0
Label ¥
Shape ¥
Intercepts V
M 3)
y
4 t H
{-180°
- ; : » X
E _gﬂﬂ G mﬂ E
% EShaptm\N
: i y-interceptsV
v ' H
! 3)
¥ ¥ ¥
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2.3 2.5.1 o Y

Shape
x=1v
Labels

3)
252 Function v - (N
[20]

QUESTION 3

3.1 tan75° = tan(45° +30°)
_ 1an45° +tan30°
1- tan 45°.1an 30°

(4)
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32 — cos?
=l cos 9—[ N
1+cosé

(14 cos 8)1-cos 8)-1 J
1+cos#

=1—cos@—1

=—cosf v )

33 i
sin2y= Z(ﬁ)

: N 2tany _ 2sin yzcos ¥
sec” y see ©y

2sin y

2 sin y cos
sin2y= mfy o 2tany = m:—;y
¥

cos’ y

. 2
sin2y= 2siny K8 Y 2Hany . 2( snry ]
cos y 1

sin 2y = 2sin ycos y ¥ s 2lany = 2dany

sin2y=sin2y ()

34 sin(34+20°)=sino0° - (A+10°)]
sin(34+20°)=sin(80° - 4) ¥
3A+20° =80" - A
44 =60
A=60° N

A=15"
(4)
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3.5
5 3 41
40
X [ ¥ B
1 g
sin (x = y)=sin x cos y —sin y.cos x
_3. 9 _40 4
5 41 41 5
_ 27160
205 205 v
— 133
T 205 v
4
[20]
QUESTIUN‘I
4.1 2 2 _
x?) +5(x?) (x - 3) 4x5(z; )©), 3x4x5(z§ Y (-27)
32 4" = 240 &% + 720 x° ~ 1080 x* + .. )
Y Y v y
4.2 dy L1 N o g 1
c!x_3'1+( 1) - 3x 2 sin x 5 cos ecx cot
I L 7
= —+ Jx " = 2sin x = —cos ecy cot X
Ix 5
v o o v Y
(4)
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4.3 U =secx U'=secxtany

V =logx V=iV

d_y_= fogy sec xlan X — S€C X by / 5eC .r(mrl x log x—ﬁﬁﬁ) W

dx (Cogx ) (togs ) @
4.4 dy

—x=—ﬁx”‘+6x+12 y

—6x" +6x+12=0
(x=2fx+1)=0

¥ =2 andlen x,=-1

y ==202) +3(2) +12(2)-7 V
y, =13

v, ==2(=1) +3(=1)° +12(-1)-7

y, ==14
(213)(-1,-14) + ®
[20]
QUESTION 5
5.1 [sinxdy
=Cos X+
v (3)
52 Slsinda]
= {sin4(1L) - sin 4(0)
= sin 41— sin 0
= -0,8667 3)
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53 531 “}'
dx
¥
/- \
< 12 p X
L 4 Shape
Strip v
Area shown v (3)
5.3.2 F
j (=~ x* +2x)ax
4]
3 1
{im} y
3 ]
—2? 3
=[—~+(z>)-<o) y
3
=1,34.ﬂ': \r (4]
54 sec x  2¢’ 2 3 g = 2.4
oA SV +
R S e VP R
y v v v v v v (7)
[20]
TOTAL: 100
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QUESTION 1:
1.1 Solve for x and y if: (5)
P +j7
1.2 Given:
Z=-3—j7
1.2.1 Convert Z into polar form. 6 may only be positive. Show all (3)
calculations
1.2.2 Show Z and all the calculated values in 1.2.1 on an Argand (3)
diagram.
1.3 Sketch the graph of xy = 14 (2)
1.4 1.4.1 Sketch the graph of x = y? (3)
1.4.2 Is the graph of x = y? in 1.4.1 a function or a relation? (1)
1.4.3 Is the graph of x = y? in 1.4.1 symmetrical about the X-axis? 1)
1.5 Sketch the graph of x? = y2 =2 (2)
[20]
QUESTION 2:
2.1  Solve for x if: (3)
1 x—2
=) =32+
)
2.2 Given: (8)
3p—4g =5
2p+q—4=0
Solve for p and q by use of Cramer’s rule.
2.3 The perimeter of a right-angle triangle is 72 cm. The hypotenuse of the (5)
triangle is 30 cm. Calculate the lengths of the other two sides.
2.4 Given: (4)
1
V =V,eT
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Make T the subject of the formula.
[20]
QUESTION 3:

3.1  Show that sin <= cos(90°—x) 3)

32 |f cosA =§ and B =% and both angles A and B are acute, calculate (4)
WITHOUT the use of a calculator the value of cos(4 + B).

3.3 Simplify as far as possible: (4)

1+ cot?x
cot x cos ecx

3.4  Solve for x if: (5)
5sin®x —5cosx = —3; 0° < x < 360°
3.5 Prove that: (4)
2siny+1
sin2y + cosy
[20]
QUESTION 4:
4.1 Differentiate the following: (6)
y = —Silzl f::s-; 2_ 3.7% — 8e7¥ 4 x3 — p
4.2 Differentiate from first principles if: (5)
y = 2x% + 3x
4.3 Differentiate by using a function of a function rule (chain rule) if: (4)
y = 6e3*
4.4 Given:y = x3 4+ 12x%2 — 36x + 11 (5)
[20]
QUESTION 5:
5.1 Integrate the following: (7)
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—Ay—2 _ﬂ_e__ 4x i
[ |—4x 10** + —+ 3 cosecx cotx | dx
x 4 Vx

5.2  Simplify: 3)
x3 —27
1] ( — )dx

5.3 Evaluate: 3)

2
[ (5x* + 4x3)dx
1

54 541 Sketch the graph of y = 5sinx, x = 0 and x =§ and indicate the (3)

enclosed area. Also, indicate the representative strip used to
calculate the enclosed area.

5.4.2 Calculate the value of the indicated area in 5.4.1 by using (4)
integration.

[20]

TOTAL: 100
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MATHEMATIC N4

FORMULA SHEET
NEW SYLLABUS

a’ =b < loga” = logh fn x = logex

(r1@)' =r'|n8 a+bj=c+di & a=candb=d

sin(a £ b) = sina cosb * sinb cosa sin’x +:ms’x =]
cos(a 4 b) = cosa cosb T sina sinb I + cot’s = cosec’s
] + tan’x = sec’x
tana * tanb
t + b R
an (ab) 1 Frana tanb
y dy
dx
g o y = u(x)  v(3)
X X
ka ka™ tna = b = u(x)v'(x) + u'(x) v(x)
ktnx k o
x
sin x cos x uﬂ'ﬂ
cos x -5in x "x)
tan x sec’y z . ﬁ _ v (x) = u(x)v'(x)
cot x -cosec’x dx )P
sec x sec X lan x
dy _dy du
cosec x =cosecxootx de  du x I
ax™
I‘““d’f' +C Jsinxdc=-cosx+e¢
n+l
J= d =
;‘i" atnx+c Jcosx de=sinx+e
kax
Ih:xdx=?’-£+a : [tanx dx = fnsecx+ec
, | sec x dx = ¢n (sec x + tan x) +¢
A = L ydx
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QUESTION 1
L1 .'v."!';.':,':—-5'-“'{I
1=
(x4 yif1=j)=5-j |

x=xj+y-fy=5-j

X V=S (1) J
=Xt y==lien (2)
2y=4

y=2 v

In(l) x+2=5 4
x=3 v (5)

1.2
1.2.1 . (_3}2 +{ﬁ.},}1

r=17616
#=180" + tan™" }
8=6680P+180" = 24680

Z=7,616 p46,801° 3)
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1.2.3
J.i-ﬂ.'.'f.i'
6 =2116,801°
“+—— R — axis
Z Z

g .
R & J-axis

v 3)

1.3
- e

Shapes ¥V

2
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1.4 1.4.1
y
Y
/ ==y
- \ » X
Shape W
Label v
v 3
1.4.2 Function ¥ n
1.4.3 Yes n
1.5
y
F
A2 — [
< 5 K >
i Shapes V¥ @
[20]
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QUESTION 2
21 (x—2)nlt)=en3+(x+1)n2

-1,609x+3,219=1,099+0,693x+0,693

—2,302x=—1,427
I=ﬂ,62 \'I (3)
22 |q_—_ 3 -4 A
2 1
|pj=11 +
|Dpl<| 5 -4
31 W
=21
3
pdp 3
D
p:lﬁLgmw +

q=%=1—21!{},182 v
(8)
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23 x4y =900 (1)) J

In(2) x=42-y

() (42-y)°+y*=900
y' =42y +432=0
(y-18) (y-24)=0
y=18and y,=24

In(2) x, +18=42 and x, +24=42

x=24and x, =18 V (5)
24V _ .
V—o-e \I
v %
e "=£ o
ne "[Vo] v
t Vv
L L
T '{VOJ {
_ -1
Zn% 4)
[20]
QUESTION 3
3.1 cos(90" - a‘)= sine

c0s90° cos & +sin90°.sina =sinx v
0. cosa +l.sina=sina

sing=sina v

3)
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32

3 5

cos(x + y)=cosxcos y—sinxsin y

W

wn s
|
l—llo—n
e b2

3_
113
15 48

65 65

-33
"5 @

33
_ cosec’x J
COL X COS ecy

_ cos ecx
cot x

1

SILY
Cos X
Sinx

sinx

sinx cosx

=SseCX 'J (4]

Gateways to Engineering Studies



Mathematics | N4

3.4 51~ cos? x)=5cosx=-3

Scos’ y+5cosy 8=0

Sel(5) 4 8 J

10

Cosy =

cos y =0,860 v and cos v =1860
y, = 30,683 = Invalid
v, =329,317° (5)

3.5 2siny +1

_ =secy
25in ycos y +cos y

2siny+1

— T _—gecy W
cos y(2sin y +1) &

=secy

cos y

nsecy=secy V )
[20]

QUESTION 4

41 y=sinx+secxy=37" ..p_gen +x§

dTy =cosx+secxtan x 3.7 a7 -0 -56e" + l:r_}
[{AY

N N ©
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42 flx)=2x" +3x
Fle+n)=2(x+h) +3(x+n)
=2(x* + 20k + h? )+ 3x+ 3h
=27 #dxh + 207 +3x 430
Flesn)- flx)=2x" +dxh+20% +3x+ 30 2x*-3x
=dxh+ 207 +3h

Slx+M)—fx) - dxh+ 20" 4+ 3h N
h h

=4x+2h+3

{im

E—%::@]=4x+0+3

h—0 =4x+3 A (3)

4.3 fet 1=3x

di

y=6e 1 =3x

ﬂ:ﬁe” Y ﬂ:ax y OR e
dut dx dx ~36 ea Xx

dy  dy du

dy _du dy

d—y=3x X Ge"
dx

dy
dx

=18xe"

=18xe’ o (4)
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R P SV VNP VR
o

d’y
—==6x+24
dx?

y= (=) + 12(-4)" -36(-4) + 11
=64+ 192 + 144 + 11

=283
P.O1 = (-4;283) (5)
[201

QUESTION 5

5.1
X dx
_e 10 +2~G—3cosecx+c
4 4inl0 @

oy v

5.2 a3t

?+T+9x+c

V S ' (3)
5.3 S R

=25 +2*)- (1 +14)] ¥

= 48-2

= 46 v (3)
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5.4 5.4.1 y
L)
5 d.
£ Y]
/
/
/
/
‘- * .
0 4 x 2x
Shape ¥
Strip ¥
v Shaded area
3)
542 1
AoX=I(Ssinx)dx v
o
=[-Scosali
= [(—Scus-‘-} ~(=5cos0)] ¥
=0+35
=5u* S
(20]
TOTAL: 100
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